CATTU
1806 EXAmM |
A=CR:

(- I | z)
EX: A0 2 1+ 4

rankl(A)=2
Ist 2 cols =ind

C= (t‘iz)‘/
(o\;(A\='( )+ (2)
cotu (M) 2l 1+2(32)

SPAN: Se+ of 21l poSSible vectors formed From linear Combos of +hose vectors - 1D, 20 plane, R3, ere.

LEn/OOT ProoO: lIVII= Jx'--t-u*‘

TRIANGLE INEG: NR+TU £ NRN+NTU| R+ TN =

K-V =R NSncosO,

RANK (A): #1mearly melependev\t :els Irous = *-Q
ALGEBRA RULES: UPPER 4: |85
A(c8)= c (AB) LOWER 4&: [ °°]
cAl8+c)z AB+AC (distributive)
-Al8c)= (aB)C (associative)
‘Commutatrively doesnt always hold,

(Re¥)2=
KR+2R.V+9.V
nRnze2nany i+ nvn
= (nXn+nu)2

-
nanzza.a

(Re$)-(R-9)

LINEAR 1m0 /0EP: dep. F one vect. can
be writtewn in +erms of otners.
indep. (f a.W+..+akVk=8 wi a's=0
SQUARE LINEAR SYS: rank(A): fFull v,

A unique soin. X +o AR=D

i€ rankl(AYen, €ither: NONE ov 0© Soins,

INVERSE: A s.t. AAT' =TIz A™'A, for AeR™"" ¥ PA=LU FAcCTORIZATION
fonly Square matrices - these 31\ +rue: ]

e as(i35)

2 evewn for Squave ma+rices & rank = 37¢ 2 o
R= (o [ llz 2 & de:lA\‘::) " * MORE PROPS: SWmap Ra&IR3: P= (i?z)q(é z (3
cr: (° )(l o 2 FALTOR A=zCR 1L:R.®=z0 ‘i¢ AB2CA=T, B=C z 4 :
. : 'o;. " 2 linearly ind. cols  M1: XS =1 e AEIRY “if AB has inv, SO R3=zR3-2R:: E3; = (;?§)4(3 2c )
= ) ‘\ Qs 5 S (AR:=B3%=8) do A 8 8, and —_— o, °98b-2a
can 3‘5° sotve: combos/T of co & exists 8 s.t- AB:=T (AB)'=B~'A"' where R27Ra-3R:En= (!. ',2)-0 (g yetda
Coly: x=2, 24 =H4... | TRANSPOSE: refilct across oagy. & exists CS.e. CA=T A% 8 are square e ED (;7 g)(’- 73)_ 1e9
Vi = Aji " 2\7 '3 -t .i¢ A2 8 are square, L= nEg.=‘°. 30 ';en)
(A)u- v Ex: 3 v :(z_q [Al!]_'[IIA ]
21 ) & A8 nhave Ful rankw, ° ‘ Sa
symmedric: AT=A (¥, o #USE row elimination A2 8 have rank mn Pl sy
skew-Symwmetric: ATz-A (.1 o "2 e 12 o
:- o)(ou-u): 17
PERMUTATION PROPERTIES: © 0 b-2a
.rank (AVz n (inveriible)
“PT 2130 PCrm. matrix
“rows of P 1L +o €ach other
- PP2 also 2 Permutation
- P 'z pPT
XA
EXAM 2 VECTOR SPACE: Ex: c.- which (b.. b2, b3) S System solveable?
1) se+ of marrices is closed wnder 2ddition/subiraction (a. Q - (‘) ®
= ‘ w b.+b3=0~ P.q €
R.w,zRT5 2) contains © clesed= rank is preserved -1 (*: when 3 -» a

B8T@ = I means:
2ll cols in 8
are L
rowrSP-
C(A) L N(AT)

clany s N(A)

Pz P’ 21ways

NIA) = set of an vectors X SarisFying AX=0

“ L 4o rows of A

N(AT) = vectors a1l L 40 columns of A

Y4 FUNOAMENTAL SuBSPACES: for A™"
ClAY: R™, dim=r N(AT): IR™,
C(AT): IR™, dim=v N (A): R™,
e -
P=AX —Xx=g.& " aT&

, ranksr
dimz=m-vr &18F+ nullsp,

dimzn-r

°

LEAST S@UARES:
the mean

projab =

-

projection Pz A(ATA)'AT, ATAR=ATE , £:(ATAa)'ATE

Ptz O for x€&C(AY' = N(AT)
$=Q"b
orihovnormal Qe R™* 5 p- [eYe N

PRX=% for XeC(A),

ERROR:

€izb;i-p;
QTa-=1

ORTHONORMAL BASIS: se+ of vechors Vi +hat ave:

‘orthogownal

- unit vectrors

GRAM-SCHMOT: give v,, va.VvV3 3 basis

r 2 ovtputs V., V2, V3 orthenormal
L,v. Vi: Stays same
Vi: Va - proj,.va
Al
V3t V3- pro; - proj. V.
3t V3© Proj,vs = Proj,va

PARTICULAR SocN: Set free vars = O

SPECIAL SotA: Se+ owne free var=1 2+ a +ime
part. speci2l specid)
+c.|som 1 J*C2|som 2

COMPLETE Ssowmn: Xe = [.5""‘
' [d -b
= A'zad-be l-¢ &

a b
INVERSE: A=|lc d

Ex: orihogonal vectors (2.2,-1) 8 (-\.2.2). Find

Orthonormal vectors & put inkto col B

orthog: “2+44-2:=0V
2 , [::3 -ug
n 1KY . |23 a3
iz 3 -’i], Vaz 3 l] P Q@2 iz ars
‘o [53
a'a: [°']=I=- @Q" a4 2 s|°P

bl
b:

»

1 8| by
\n.-n.b;)"""' (o ' b:+:b;)
)

b3 + by

vav2ed o
.

()
Ly
-y

EX: find bas's of U4 subspaces For
Adim=z2 dim=2
C(A)= spani(z'). (:)3 C(AT) = span

124 'V 2
RREF A: |o 1 © free var: x3 = [o .

Mr2xaLM0 o NlAY o spané(-%)g
2® dim=3-2= !
RREF AT [,‘,f] N(AT) » O
oo dim=2-2:=0

Ex: give pavicular/comple+e Soln +o

Ex: gram- schhmidi
Ex: S =spam2['zl3l 013 3173. Find 2 vecrors +aa}

St aset of 21l vectors L 4o every S vector

Span

& .
ST = N(AY where A'S rows are SPanning vectors

of S. N(AY gives st
V2 o213 L2 2 37 Y,¢242+4243+34,=0
A= [' 33 2 -'[. 3 3 3]5'0*5”33:#353425“:0
=S+ ¢ S &
Ya:-4Y3 + Yy free vars: Y3.Yy
Y= =Syy

2 y=sloe-ti1o)+t(-s 1 01)
S=43:=(, .0 &=1,8=0
Rk
[}
o
. L}

I3

t=(o1349)

coans

EX: bz (088 20),
p=AR ;,-] [g] ¢
piyrz cvor» A=[13], bzl =[o] ATAR= AT

A"b:[nz] - [a :5]* -[na] - x=[-:.]

elN=s, p(3)213, pla)=1n

Solve €qns & errors E

4 g
ara: (86 ]
Pz 1+ue = plo)=1,

ervors €;=bi-pi: €:=2-1,@2:3, @3:-5, Bus3
: orthog vectors from: (1,-1,0.0), (0,1,-10), (0.0,1.-1)

vll_? (1.-1,0,0)

7 (0.1,-1,0) - Prej,8 =(0.1,-1,0) 4 3 (1:-1,0.0) 2B = (2,2, -1.0)

»0

C=l0.0.1, 1) -Prejac - Projge = (0,0, 1)+ %('Iz.'la.-l,O\-oz=("3.'/L'/3.")



toFacToR: Cij= (1) | my)

DETERMINANT:

o b e 12 3}

d e - . Example: Find the cofsstor matrixof A giventhst A=[0 4 5
¢ 'G‘e"ch)'b(d;'s‘:)""'-(dh-es) 106

ahi
AREA in R?:= |detr (v va)l

VoL in R3 = |de+(v: Vi V3))
TRALE: Sum of A\'s

tr (AB) = +r(B8A)

e (A)z 4 (XAX' )z $e[A)z A\ +r2+...

EIGENVALUVE A:
*Square matrix A st AV = AT

Solution: Fist find the cofastor of earh elemen.

,,-L, e anef I |, J-
L 3
—»1 An=| =3 A,: s u’:
3| 2
AB,EE 1= A;r«Iu 5‘ S A,,,L ‘I=4

24 5 4
The cofactor matrixis thus =12 3
2 5 4

45

PRESERVED: matrix A preserves
*I 5 A=l Svbspace v if Vev 8 ATeV
*Some A have wo real A SYMMETRIC MATRIX: Az AT

“if NAYE - “all A are real
Y £03, A=0 is eval of A aluagt W orthomermal @.vects

- Can 2luays be diagonalized by L matrix
SPECTRAL THM: S=ST 9 3 orthonormal
Q= (3.,...,V.) Cols= normaliized €. vects

DIAGONALIZATION:
Ax=xA - AzxaAx"!

A: N's on diagownals Sa=Qa,

Q1= 3 s=QaAQ"
X : €igéwnvects oncols
X invertibled A=XxAx"t HERMATIAN MATRIX:

AMzX AKX AE™ ™ is hermatian iF AN A
UNITARY MATRIX: (compiex analogue of real Symw)
if VYU=InSU*=V" ee. vals are vreal
. preserve lev\lansle s e. vecs for oistinct evals are L

(UL conjug ate transpose

Quap ForRm: Qx)=xTAx

ex: Az [31] = %]
Qx)= 3x.2+ 2(2)1 X2 +X22

2.

>makes Iengtihs real and posidive
5 3-3:
Ex: (31»3: )

3-3; 2 3+3: 2
s )" (s-s: s )"'(;m s

MATRIX PoweRs: %Pz T+tA+ ';—t‘A"-l-';'Tt‘A:-o-..., t scalar
Ul+)z c.eMty, « e ttvy ...

ex: Az[So]lwer=z+a =[L}] P'}C:Pi:‘rl&&
= AotA
ethzzeeaz[L b Ndee™ = Ae
tagea_[4t) 2) (eta)” ‘e'M
3 = skew
2rkiln ee 9! ) iFATEER e s orthog.
16 u) AR =aR »etAg - etr

| -7
for n=# of roots

OIFFERENTIAL EQNS:
£' )z af(H) + bF'(+) o, bER 4

¢ £rr oAiyieiey
R lF'(l?l) ) ): (“ b )(:(l?l

@'= (c"u\
€' (+) = af(+) + b(-"u-lf‘cF"U-) a.b,celR
)

M U’) £
(""(?)) win= (F""t:‘)) (A . < )(f") K= et zio)

AR MXN N

Az UAZ VT, UeR™"™, veR™"

Bzacd > Gl =etA (o)
R'F)=AetA R (0

SINGLE VALUE DECOMPOSITION:

a,

"o, ©
Z:(o ‘) o.=In, o=z uTu=I, Vrv=T
VT:cols = trans. novmaiized e.vects. of ATA (ATa-A.I)v.=0

s =
U: cols= normalized e.vects. of AAT w;i=g; AVi vi=g; ATu;
Az 0.V VT £ 0,V TH... + TrUeVrT, r=rank

RANK K- APPROXIMATION OF A: Az 0,0, VT +... + CuUpvy

for 2ny rank K ma+rix 8, NA-Aclle ]la-e )

E CKART-YounG: if [ rank(8)z=k, llA-BIllF 2 A-(d.C\0T+...

E xam IL: To]mc'. det +vo_’unm:.

Fridae

Clﬁv&‘i ) elavcc{ Amsor»a\lta’um

< SY™ Makrices, guadl
« G@mplex linear :\ae; Form"srﬁ“‘ﬂ\nn

‘qurtg ey *'\F
¥
. SVJ, b“"'hfh\d, r:(\r

P

Apprex

ivwer proo: V.8 zRTV = & Vi tWavat..

COMPLEX CONTUGATION: for 2zoa+tbi & Z:za-bi/,
v
O+ b
norm: Ia+b:|=.}al+bl
real
o-bi 22z (otbi)la-bil=a2+b2= 212
Btw sE2+5, 2wz ETO

EULER: for OER, ei®:

EX: A=

cosO+ isind = |01 =)

(5 ) S Tane o

I:o-\ (2-A)2-1=3-4a+22=-0>A=3,)

Azt A"(";""“(') A= (e3

Az 3 A 31= 1) DV t

AIOo(-I‘)= l-(.:,) ( ) X = (-l :)

Atee ( : ) - 3‘°°(:)

EX: Az (314-3; 3;3‘)
OB T SLLEIS
amats Avze (B 23 ) w= ()

A= 8: A-81= (i.%,- 33')-’ V;-(u--)

Ex: nzl v:=ei®

G=e"®

EX:

erM:z=xears Y01y

.¥ EX:

e*A = Icost+Asint= -:-O:: :;;\:
RG]
fn solves § B oy piven A=z (33)

Vo= e"e(e"'e) =)

A= (S 0)
Az (o 9)=-T,A:A%= (. o)--A AY=A3%A = (o -) =I, AS:zA...
#cycle of 4 repeats

-z

"_‘.(_ i(:)-‘-...
SRS VAl g

c--) (-. o)(c ) 2 soln: uit) = e*A (o)
““’\= (tAS{- Sint

w:(e) &
[625))

w [-2 3 -Sint cost
€x: solve o ° (zz -3) . utor= (V) ”
- flvnidk NSO, A2 =-S 3
A=O: (-;'3?.)('5) o= ‘5‘— , V.:(z)
2-5: (§ 3)(%)=0 9z-x. va= (")

vF1=c.eMty, + ca ettty

Ex:

EX:

= - L}
(','):c. )+c;( )_, c‘;-_;'l - u(+)=(,3_)+ es«-(_l)
i+ 2
Az |3 -w 1-i -;;]
At: conjugate trans = L 2 H;
not Hermaiian blc AFEAW
ve[i+i, 27, w= [3 i)
W= -:]
Cvew?= (14:1(3)+(2)(~i) = 3+i & Hermatian inner prodl

+0x e O Me

Nvll2=¢v,v)=9Tv= (1-i)(1+i)¢2-2 = (1+1) ¢4=06 lIviizJE



12.06 MioTerm 3. Crash Course

DETERMINANT + Voo
a b
Ex: |c d) —? odet = ad-be
a b ¢
d er aF ae
Ex: {SE f,"del—:alhi"blga,*‘- gh,
detAi

CRAMERS: AR:=b Xi: detA
where A/ has b 28 ith col

EIGENVALVES, EIGENVECTORS

AV:= AV IA-AZl 4o Find As
(A-2X)¥:D 4o Find s

de+(A) = product of A

$r(A)=Sum of A

DIAGONALIZATION etA- xetrtx"!

A= VA V”l i€ Symm: AT=A"!
(l |
V: colsz e.vecks (Y- Y

A\, ©
A: diagonals = A ( o"'an)

* not orihoqgonal So don't need norm.

MATRIX ExPONENTIAL:
]

ethz T+ eas TEA+ T LA

t=Sc2lar A: must get powers

SvD: A=uUZvT UTU=I, VTv=I
(ortnog)
nxn

* U: cols=normatized e.vects of AAT
nxwm Ccarefoul of dimst

e Z: d:as:ﬂ':J_)?g s#arh'ns from sre3+es+ A
Mmxm

« V' rows = normatized e.vects of ATA

) (]

Vi z o ATu; U; = o Avi
Starting From wmax o
RANK K APPROX: B=CiU.Vi+... + 0LV,

Eckart - Young Theorem:

it 8 has rank(8):zk, +hen llA-8Bll¢

#Single best choice s the First k terwms?

SYMMETRIC MaTRix: AzAT

*21l_real X\s
« e.vects are orthog.
e use Spectral Thw

SPECTRAL THm: A=GAQT
+ QT= Q"' blc Symmetrict

» Q: colsznormalized e.vects
* A:dizg= \'s

Quao Form: Q(H=xTAx

a b

z [ 2]

0\X+2bx~_j+c~:”' [= ylle ¢ Y
X X2 X3

X2l -2 <
X3\0 -\ 2

%X 2 -l
o )=$ - XTSx = 2(%:24+ %22+ x32 '%-*z'*z*s)

DerFnmniTy: for + defincte:
21\ dets of
Squares ? O

positive definte: xXTAx >0, A's >0,

positive semi-def: xTAx20,A's 20
DirFeReEnTIAL EQUATION:
x(#)=c.e™bv, ... +cne*tua

ei+her
% (+)= etr (o)

COMPLEX #'s: HERMATIAN
-—T

- - S — — -

inner prod: V- W =W V = W "VitWa-Va+...

erea\ \'s

e e.vect+s 2are or+hosonz|

* Ycomplex VErSion of Symw. mabrix®

- AzA% where A™:z conjugate +ranspose of A AT

VMITARY: L¥* -y~ & U*u=In
s preserves len/angle

e U = conjvsal'e +ranspose

* A'S have magwnitudle 1

« uni+ eigenvectors

WA- (0 &7 +...+FBe W) lle

ARz=AR D e s:-e



CONTENT BEFORE FInAL:

LINEAR TRANSFORMATION: iS map T:VaW with
) T(T+R) = T(D) ¢+ T(2)
O T (¥ )z T(P) 8 T(B):=5
2 IS¥ Comp: 2X.+ X2
Ex: A=(° 3) T)ZAX D 2 o comp: 3x,

xz(V4) T(x)= (.‘,’_
STOCHASTIC: B is stochastic if

) 21 entries 20
£ | Column Sums 4o 2.

g
2)pTiz1 2= onl Encooles probabilties

MAaRrRKov: AEMR"™ (s markowv if every col /S Stocwastic

Quce O

A:(d,._, a';,,,] encooles +ransition probs.

COIjA = probability given in Sta+e j.column Sums +o 1

Pi= probability of being in Stare §
A contains A
®© . .
A%s x-;_¢-' long +erm prob. for being in each state

A3 z¢c. A% +...

*

CHANGE OF B8AsiS:
new input V= (¥h... %)

new output W (@ .. )

New Madrix iS WAV

‘o do:
@'Stucly past Content (notes)

¥ pas+ exams

ﬂ’pas&- pracrice exams (Eari:er +ests)
pa2s+ rec

@ practice exams (fin21)

& read through notes
& create final c.s.



*
[
EX: V= (‘-" "
basis vect. 28 cols
[ Y
v(f)=x

converts coords
n new bas’s

FINAL CHEAT SHEET:

RANK: # of independent cols = # independent rows

# of pivots in RREF

COL SPACE C(A): SPan of matrix cols (lin. ind. cols)
NULL SPACE AI(A): vectors where A%:=3

n
FTLA: dimlclA)) = v, lives in R™ A=""[ ]

dim (N(A)) = n-r, 1ives in R™
L)
d:m(t(A”))= r, lives in R™ A’:n[ ]

dim (N(AT))z m-v, lives in R™
row space C(AT) L N(A),
ClA) L 186+ nunsp Ni(AT)

BASIS. set of vectors +hat
Nspans the Space
2)is lineariy indepencient (¢, ¥ +... +crik =0)

dim= & basis vectors

poT PRoOweT: O-v=0T¥  scalar!
*VU.v vl livilcos® - tells angleé b/t vectors
‘UNVZO- Ul VL

o 2
PROTECTION: pProj b= a-o onto vector o
P=A(ATA)'AT onto Subspace spanned by A

DET: A= [:‘ :] - detA = aol-be
-area/vol scaling factor
‘i€ AetA=0O > A S no+ inver+ible

DIFFERENTIAL EQUATIONS

w' (9= Ault)

ul+1z eMv 5 ¢ A diagonatizable: ulki= Zc:erity;

x(+)zc.eMty, 4 ... 4 cneinty,

X1 = @FA o (0) &if oiagonalizable

#=(§) ae=(f) = (: L)(:) - wirr= et (o)
A

COMPLEX LIN ALG: Azait+b
e®-coso+isin®
HERMATIAN: D% - T
‘Te21 A\'S

- _
civner prod V.3z N V= Givit...
-@. vecs orthog.

UNITARY: U%- ™' Uy =Tw
cpreserves 1en/angle
*U%=conjuqat+e +ranspose

MIM‘NV\;\IM

SVD: A= UZVT, Ve R™"™, verR"*"

o,
z: ( Y- ) oz x, oy = Jra decr. order
VTz cols = +ransposecl norm. e.vects, of ATA
Uzcols snorm. .vects of AAT
AT UIT ... + OrUV Ve, rerank
WiSg AV Visgm ATw; UTusT, VTveI

MATRIX ANORM:
Frobenius I1A-AkllF= Jo;%,+.--+o-.-t of SVO S.V.S
RANIK APPROX: Ak = O U ViT+... + Tie Uk Vi

for any rank K mareix 8, IIA-Ac) £ 1A-811

CHANGE oF BASIS:
1 expresSs T(V\),T(va)... a8 linear combo of

Nnew basis vecrors
2) coeFff cients blcome colS of new matrix
inpot basis vz (W...Va) Mz
. = WAV
output basis ws (F--Wa) TGN
+eans,

W convertS from new - Standaved
W converts from Standard - new
cvector writken in bas’s V

‘¥ranstormation A
cwadnt oulput wreitten in LRSS Wy

>T°f"c; For Fioal g -55mnc¥n< maks )quw\ &»rms)
“rank, col space , aull space, FTLA‘ 5
“ LU fack, RREF, full soln +o AR=b

+ abs¥ract vec spoe, subspace, |

Spectral thin
“SYD, mateix norms, rank apyrox, PAA
2 llnEar‘*rMs;orrv\e\\'nonS)d!w‘je basis

beses, dio vstechastic veesrMarKor cmats

Aot prod; proy ; Gram-Schd |
ofH\ﬂf)&nﬂ Comp.

sded ,e_\m\s fcvcc;,d.a ma\uzuL.H
AiEF eqs jmatrixexp, canplox lin alg

LU FALTORIRATION: AzLU
Llower & (muldiplier), E°!
Uzupper a,o’s in bottom 1BFt

Ex: u:[g;;]

RREF: gives you rank, pivot/tree cols,
non space, Full Soln 4o AR:=b

FULL SOLA +o AR=B: X=Xp+Xn
Xpz pariicular Soin (Set free vars=0, solve for =b )
Xn= specidl soin (se+ free var=l one @ 2 +ime, solve for =0)
) row 2ugment [Alb]
2) solve for pivots in +terms of free vars
3) seperate xp & Xn
SPAN:
+ 21l ineav combos

cSmalest Subspace

VECTOR SPACE: contdining these vecrors
1)se+ of ma+rices s closed under adollsub

2) contains O rank preserved

SUBSPACE: Smaller vector Space insSide bigger one
2 se+ W 'S 2 Subspace IF:

1 oew

2) u.v EW, +then v+vEW

3) uew and ceR, +then cuews

OlaGonALIZABILITY: A=SAS™'
A = ciagonals are A's

S =cols are e.vecs
-diagonalizeable if A's distinct

GRAM-SCHMIDT: given v., vs...

q.:ﬁ & orthonorma|

- ";‘I - Wa:Va-(q,-va)a,
va

az:- 43 W3svz-(a,-v3)q,- (a2-V5)4,

" Tugi

E\GENVALS/EIGENVELTS: Av:zav, V¥O
der(A-ATY=0 A*v=2*v
cif ACOdecay, A>0-3growth

(eAY2
MATRIX €xp: CYA=T +tA+ — 2t * .-
Avé
if A diagonalizable: etA= Sett s ' where etA-- [e .. @ ']
S:eigewnvectors ° ‘.

SNMMETRIC MATRICES: AT=A

*31 NS are real
- @.vects. to oliff. e.vecs are orthog.

QUAD FORM: Q(x1z xTAx X=variables (for polynomials)

A must be Symmedric

SPECTRAL THM: @very real. Symmetrc matrix can be diagonaliaed
by 2n Orthogondl mairix AzQAQT, Q-'z-QT

A.zoiagonals 2re X's

@ = (Ui,....Vn) colSz=normalizecl €. vects.

PCA: uses SVD +o find directions of max variadwnce
.« C@nier Matrix vowsS by Subtraciing row mean

cdo SVD  UZVT - +he U part AAT

*Find Sz =T AAT (find \, @.vectS) 9 n= Hcols of A

*cols of U= principal odirections

=1sS¥ Colz chir. W! max Var’ance
sproject cda+2 onto +hat reduces dim. wwile preserve most info

LINEAR TRAANSFORMATIONS: RV -5 R™ ;s a rul@ HaF S2+'SEeS
1) T(o+rvIz T(V) + T(V)
2) Tlcu)= cT(w) matrix representation: T(x)=Ax
3)T(8)= 0

STOCHASTIC VECTORS:

‘hown-neg .. . (g.-;

*Sums o 1 0.3

MARKOV MATRICES: SQuare ma+rix P where

€ach col is stothas+ic vector

‘model +transitions 2dd

*has an Azl
+steady stare: soive (P-Tlu ,u 2dds +o 1 (MUST mormaLize) to :l.)

Luwhat does A% approach 2s k-» o0 Ex: =iz (3)s £(3)



EXAMPLE PROBLEMS"

H
RREF, FTLA Ex: Az |1 «
12 3)g,.2e, (' 2 3)&;-2. (' "3) a.aa;(' ’-3]11-*1!:(‘ °")
2 2 ooo| =22, |]ooo] ——|0-t-a|]——|O -1
RREF: [- -6.) "o © -1 -2 ©o0 o ©o0 ©° 2 pivots, vank=z=2

] 2
clAY= spanz(-‘). (‘.‘)z dimzr=2 v
%¢-%3z0 % (-1.) ?
NlAY: Ax=0, RREF: }-xa-2x3=0 7 N(AY=span ' Aim=z3-2z1v

rowspace = Span of nonrero RREF rows = Span §(l: o, -1), l°.\,z\§ dimzr=z2

1€+ nullsp= Mm-v = 3-2:z1 A'y=0
LU-FACT Ex: A=[: 3] felfy [: 's]”", E”'= ['1 ‘:]"' L ORTHOG Comp Ex: W:=Spanil(l.i.0)3
Lu:= [1 '][: S] [ Wiz $lxy.2):x+yz03

[I 2 l] [l]
FUuLL souN Ex: Solve lzu 1 )Jx=]2

BHBENBED
2« 2 (L pivots: C. 8 C3
X:+2%220

equations:{ X3 =| °

Xp: X220 - %:=0,%x3= 1| XP-[ ]

gx.olx;:o

43 ; BME

Xg: X2l =9 Xi2-2,%3:0 Xez|g fonsom:l-iJ+t] o
SUBSPACE Ex: W:Elx.y.2):x+4y+2=03 EX: x+4y+az:

ODEWv no gtro vect

20ldl/sul closed v ] < Subspace

Scaling closedl « . not Subspace

GRAM-SCHMIOT EX: V= (v,1), Va2 =(1.0)
)
.-L" [wa], q2: F“a-"['fa]

2 "na
vas (l.o)-((llﬁ,llH).(l,o))q, (1.0) - ,r;_ -N;] [..,z]

20
exp. < ex: A= L' 4
|2. -x |
des(A-Ta)= (2-A)(4-AV+120 9 8-6A+322¢120 (A-3)2z0 3 A.=rz=3
-1 “W,+wWazl °
A-3'_r_=[-l ] O~ v.-[ ] = Sord2an Form: [-. ' ] [ ] Wiz0 Wwazl general evecs: |__,=[,]

S=ftvwi=L[: %) v=[2

1
ets e"’[o \
SVO, Frobenius,
rank-2 2 0
Pc;‘\ pprow. EX:| A [ ] Svo: AzUZVT

AAT = [§ 3]
4e

S-a 3
lAA"’-AIl:I 3 "-*l: SS-16A+2%-9 5 5 =8+ Jig 0‘-=IS+3E, oa:={3-30%

NAFN:z J2200e12 s12+32 412 = Jia = Jo2eopt

rank |\ approx: A.s0.w.vT

a
Frobenius evror= llA-A.If =0~

row | mean ]
center A, dlo SVD = ISt Ccol of Us clirection of M2 var,
w2 MmEan: (.49 2nd Col = nexy



2
transform Ex: T:MR2aR2 1-(’.;):(:,}:;’) > Az | -.]

change of basis Ex:

thange of basis Ex:

transSform

transform

transform

mar kov

PCA

Ex:

EX:

Ex:

Ex-

Tlx.4)= (2x+y, x-4) B new basis v.z(i), vaz ()

T(v) = {g) . (§)=°(-‘)"b(-'-) 0+b=3, 4-bzO0 " azLS, b:zl.S
Tiva=(2)» (3)zali)+bll) aebsi,a-b=2=azts bz-o.s
Tg-= [:: -;:

wiz (2,0) wWa=(0.1)

change of basis matrix X = [ 5%

linear T 4ransforms (1.1) 4o (2.2) & (2.0) +o (o0.0)

T(VM=c, T(1) +c2T(2.0) = ¢.(2.2) + c2(0.0) = (2¢c., 2¢.) \

v=(2,2): T(2,2)=c, (1. 1)+ C2(2.0) 5 2zc.i+2€z, 22C¢ = T(v)=(4.,4)

v:(3.): T(3.0)sc.li)+Ca(2.0) » 3zc.+2€2, 15¢, =5 T(v)=(2,2)

matrix B Fransforms (;) +o (;) & (IB) to (L)

el
means (=8~ = 6-S |-S 2
if random: CxX=VY where C =transform. thewn C=Yx~
mateix that transforms (5) 2 (T)vo (&) = (5)
input %= (09)., output vz (4 s)

CX=Y, Cz¥x~ = (:'S')'(:’ ?): ("cs';)

Lfr e
X'z 1 (o |)
0.4 0.2 {lll
A=(°-° 0.8 Starting State p= cn.)
O.u-2 0.2
Compute \'s 0.6 ©08-A1% ©0.32-1.25+)22-0.12 209 a2 -1.25+06.2 20 » (A-1)[r-0.2)Z0 A=1,0.2

steady s+a+e  for Ac=l: A-I:(-o:: -ocza) - V-=(;) - normalize = &{;)

] PO
A¥ approaches wwat matrix A% ? A¥ converges ‘o ﬁ(s 3) Since 21\ enitries are +

3 2

s u '
Ex: | Ao= [-n 1o --] €& 2 measuvrements of S samples

1S
CENTER: r, mean= s =3 , ra meanz=0

2 1 o -t —z]
Ao=['l -

3' -ll , [ve o [slz e'}
Alz|o o AA":T[O q] S le \

a s

2 -1

find  NS: a= 5/2
[o (] \
for largest A=S/2: T AAT- $x=|o 3 - vz [o]

line closest +to samples = [lﬂ]



