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TYPES of LEARMNG:
. SBIF svplrvised
‘contrastve 1€3rning (DALL-€)

supervised (8arning ¢&——— unsupervised I1€arning :CnstGRT uses U 3
nowadays, lots
bewavior of overiap! unsupervised
clowning Skilv odscovery

feinforcement IB2rning

SOPERVISED LCARAMNG:

Training data in matrix-vector form:

REGRESSIoM: predicking 2 continuous numben

ex: prediciing city's Bnergy wsage

. [Chicago |90

TRAIMING DATA: Oieainiz (%', 9%), ... (x4, 44)3

cinput variabole (what modet s
(What moolel Knous)  deying +o preolict)
N datd p+s, €ach wi A d:mensSonal
features 3 scalar (2bel

nxd X, nx\ y

xem
¢4

Regre

A

rncrgy't'\ ha(z) =30
used y

o
Dirain = [lAlgoritthen —’ hypothes:s :
¢ T h@=n
‘hypo class | GO
1oSS fume| uem ‘

T\ hy(z) =10

o >

temperature z

HYPOTHESIS: funchon +hatr Can take in e X B ocutput new Y

{constant functions}

- Want to make good predictions
ieSs expressive

- HYPOTHESIS CLASS H: Set of h we 25k 2algorithm +0 SRarch over

Loss: L{wixi), 4i) how geocdl hypothesis S compared 1o Bctual ouiceme

"

Sieain(h)=R E

TRAINING ERROR: L(hexi), 9’) € average 105S on teaining data

nen’
i

TEST error: Siesi(nl)z o Z

OROINARY LEAST SQUARES REGRESSION:

xeme
4
Dicain — —’ hypothes's
4 fP2rams
yem
Re \
[ : =0 x
LINEAR HYPOTHESIS CLASS: W(ix.0): (©..02.:-., OclJLXe
fea+rures

SQUARED Loss Fuvc: Llntxi),ui)s (BT xi-4id2

OERIVE OcS:

1) weike draining Error T(O) in Scalar form

2) rearrangl inte matnx-vector €orm T(O):s £(%0-Y)T(X6-v) &objective
3) set gradien+ Vs +o ero

4) Solve OpPtimal PArawms
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| cty Feature ( ]
2 Temperature [Energy Used |

i5 ‘

feature vecior (%) 12bel (V) i
o) sl T e Tabe

xis *::. : emrd g'em € 21WByYS Scala- oi| T ;:‘;"j“""’f““‘){":puhégn [Energy Usea
Xa' ‘Outputl +arget var e[ New Yootz oo =

32

N

energy
usedy |

90 7.2
| x=[n o

Hypothesis class 7 : set of h we ask the algorithm to search over

h(z) =4z +2

h(z) =3z -5

temperature =

{linear functions},

moOre @xpreSsive

z2na Lihixi). 9') € average 105S On ' unseewn 1est data ptS

O% = (xTx)'XTY &closed Form Soin: when well defined. BO¥ is unique Mminimizer of T(O)
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boSifive Semiole fFinites)

-

it data is (x,1)=(-0.002, 1) > ©": -soo0

to have huge :

nds to be v

Js fit the training




PENItyY on
MSE on +raining datad param magnitude
A |

RI10GE REGRESSION: Tridge(0): W (x0-v)T(x0-v)+ AllON? A0 controls how heavily we penalize
magnitede reiative +o MSE
s mBny O Give Similar (0S5, but Some have huge magnituode - unstable!
=SMBIl Changl in X 3 wildlly d:FFerent predction
. 10€A: penatize lavge © in ocu~ obj (Bxpiitit regularization)
O¥uge = (XTX + nALIT' X7y
for A20: XTX *+ AL :s 2lways invertible, So e?-f.g,g 2lways existS awnd is unique
€x: A =0 =» no Pewnalty — reduces +o OLS
A 10009 huge penalry — forces O£ O

Az =100 = rewards iarge O — counter-productive €& A>0 required

A _is hyperparameter:

C
“hgpothesis x€em
class l
+108Ss func,

Dirain — | NuPerPdram m
¢

Alg. 9yeR

« 2€fectS 1@arning ouicome, not 1earned by 2lgo.

we need to choose hyperparams ke A:
ccan’t ose iraining error (would always pick Az ©)
-can’t use +es+ ercor (we don't have +est olata)

s hold-out Some +raining oata 3Cxt, 9y, ..., (x", 5“\3

Darac |Dv3 |
-use Oval 0 evaluaie how | rain !

goed 2 hyperparam s

T Dvay
‘hypothes's
crass !
-108S func.
Dreain — |- N3pervaraml —y [in]
Regress-'enl L
Als- [VRY PN

for @2ch Ae%0.1,,,103:

c4rain on Dirain with A

ccompuie Evai(a) on Dvar

retorn arg ming Eval(d) -3 in +hiS @xample, Compare €vail)), (1), (to), reluven Smallest validakhon ercor

Cross-validation

1
for each A € {0.1,1,10}: B oo o] .divide dat+a
fori=1,...,5: cdeadin chonks
) ) (o[22 o] -choose A
train h; on D \ D; with X n . CFina A%
&; = error on D;
(22 [ = [ =
Eal(N) = (&1 4+ &)/5
(2|2 [ 2 [ 2 [fo

return \* = arg miny Ey,(A)
Ea(N) = (E1+E+E+ &+ &)/5

How many hypotheses trained in this example to pick A*?

Ofal = (XTX + n/\"I)‘lXTY data from all of D; to Ds



Summary

e When X" X is singular or ill-conditioned, OLS is undefined or overfits.

* Regularization combats overfitting by penalizing large 6.

« Ridge regression adds A||6||? to the objective — still has a closed-form solution.
+ Ais a hyperparameter that trades off fit vs. regularization.

« Validation and cross-validation provide principled ways to choose A.

217 | GRAOIENT DESCENT METHODS [more general & efficient dlgo 4o Prain ocwe ML modlel)

S—
Recall:
05
When X is not full coiumn fan:] :
e i Typically, X is full column rank
2 "flat”
at” bottom * J(6) "curves up" everywhere
* This & formula is not well-defined c 0= (XTX) xTy
« Infini i
nfinitely many optimal hyperplanes * unique optimal hyperplane
L
ST
No way yet to getany 9* z
numerically 6° can be costly to compute
sensitive (lab2 Q2.7)
¢
R WV

GRADIENT DESCENT: ¢
2473}

GRADIENT of: IR™M -2 M™ ;s definedd @ point p=(x., ..., xm) 2s: VE(P):= :
Al
P)

xn
1: gradient genersrls Concept of oerivative +o multple dims.

2: gradients odimensioniity 2lways makches function input
2n.%,42 .12,
3: can be Symbolic Or numeric. evaluating Symbol'c g’ves wumersc
4: gradient pointS in dirletion of (sreepest) ncrease in function valve W
S: qradient @ funcrion minimszer s necessar’ly 2ero W

6D ALGORI\THM:

hyperparameters initial guess of parameters precision
Algorithm 1 Gradient Descent(-, n,J, ')
1: Initialize 0(0) = ainit ° learning rate
2: Initialize t =0
3: repeat
4 t=t+1 |, pseavesfacrer
5 00 =9t _pv,g(e¢-D)
6: until [J(01) — J(0U~D)| < e
7. return 6®

Algorithm 1 Gradient Descent (0,7, J, €)

: Initialize 0() = O3 [ objective improvement ti
. nitialize £ = 0 o enearly soro. |
: repeat
t=t+1
o) — glt=1) _ nveJ(g(t—l))
: until |J(9(t)) - J(G(t_l))‘ < Gy
: return 9

ktrdcking improvement over Hime

Other possible stopping criterion for line 6:

« Small parameter change: |0®) — 8¢~ < ¢, o

« Small gradient norm: || V4J (0% )| < €




' GRABGIENT DESCENT PROPERTIES:

When minimizing a function, we aim for a global minimizer.

gradient descent can achieve

- this (to arbitrary precision)
the gradient vector is zero

At a global minimizer
global local ST
max max ‘\ Some

NS

min

T T gl
lobal
min

can 2cw'evek WS +o 3rbiérary prec.

the gradient vector IS Tero ¢ gradient desc

inimai Zob..'eu:vz function s convex

COMVEX: any line Segment connecting gqraph € 1’eS 2above or Oon +we graph

H ¢ heor -

ComnNCLAVE
cTMSE  2)wayS cownverx

\ ComveEx / /fN\\
-'Sndga Vith X >0 BluayS Sicongly Convex

More examples

Convex functions .
3 1 i ] ‘ -1 o v
‘ . i ] / 2 + re _connectedd on -~

H n iv v
Non-convex functions
GRACIENT OEscEmT PeRrorRmAance:
Gradient Descent Performance
* Assumptions:
L] fissufﬁcienuy"smooth“-o if violated. might not have gradienr & cas+t run gradiend descewy

* fisconvex o ;e vioiared, might ger Stuck @ saddle point

= f has at least ini
castone global minimum = ;¢ yio1a4€cl, M2y met +erm:naie/ converge (€x: 2 line) —=

= Run gradient descent for sufficient iterations

]-vo f violated, not ciose ewnougl,

= nis sufficiently small

« Conclusion:

= Gradient descent converges arbitrarily close to a global minimizer of £




STOCHASTIC ORADIENT DESCEANT (S6O0):

Example 3:
25 training data set
@ 2y
12 3
2 2 1 2
3 4
|
s 1(3—01—20:)% + (2—20,—02)% + (6—36, —46)°
7 (it ot Js
< * < *
1 1 4
50‘2 evn 3fcow
iS the W3 2vg. [ !
3 S At a different 6 = P}
0.5 0.5 f—= 1] — —
/ — V4 a - VA=0
—_ Vi Why is VJ; = 07 - Vi
— Vi - V4
- VJ ‘ - VJ
0 0 f
—0.5 0 0.5 1 15 —0.5 0 05 1 15
2 0y
Gradient of an ML objective
In general,
« the MSE of a linear hypothesis: « An ML objective function is a finite sum
7(6) 1 i (07 ) (i))2 J(60) = 1 iJ(O)
T n & ¢ & n — ‘
« and its gradient w.r.t. 6: « and its gradient w.r.t. 6

u ; N 1 1o
Vo J(0) = %E 2 (BTz(’) = y“)) z@} Vo J(0) = V(; 21: Ji(60))= n Z VoJi(0)
i=1 i= i=1

1 (gradient of the sum) = (sum of the gradient)

Gradient of an ML objective
In general,
» An ML objective function is a finite sum

“loss incurred on a single i*" data point

70 = Y H0)
i=1

- need to add n of these, eachV,J; € R¢
« and its gradient w.r.t. 6: =

; one for
18 1 n each pr
VoJ(0) = V(= Ji(0)= — Vo J; (0
0J(0) (n;()) n; 0Ji(6)
Costly in practice! .;o’radient info from the i*" data point's loss
S60 s rougner but 1SS coStly
Algorithm 1 Gradient Descent(6ipit, 7, J, €) Algorithm 2 Stochastic Gradient Descent(6inic, 7, {Ji }7-1, €)
1: Initialize 00 = O 1: Initialize ) = O
92: Initialize t = 0 2: Initialize t = 0
3: repeat 3: repeat
4 t=t+1 4 t=t+1
5 o) = gt=1) _ nvngg(t—l)) 5: 4 = randomly sample from {1,...,n}
o wntil [7(00) — J(00) < 6 00 = 0D Gy (o)
7. until [J(01) — J(O0D)| <€
7: return ) <
8: return ()
6o S6o
—
! [ —

1 n
WeJ(0)= — Y VoJi(0) ~VyJi(0) e« randomiy chosen sampie is
A twe +rue gradiient



Compared with GD, SGD:

VoJ(6) = % > Vadi(0) ~ VoeJi(6) is more efficient
=1

is much more "random"
random

may get us out of a local min

bindry: seperadtor, normal vector
/loa:sru: sSigmo’d, nlg. log-t'kelhood loss
2123 | LINEAR CLASSIFICATION “T—

MUl -Cl128S: SOFEmax, one-hot encodling, cross -@niropy loss

Recap: ot
hypothesis class z cR?
loss function
hyperparameters 4
Dirain — — regressor
Regression +
Algorithm 9 €R

"Learn" a model — \L "Use" a model
train, optimize, tune, adapt ...
adjusting /updating/ finding 6 plug in the 6 found
gradient based i

predict, test, evaluate, infer ...

i no gradients involved
Today:

[S0)

dintuitively, seems C2Sier S:inte output S
xr
Dirain

Y discrere Set. bout it's dctudlly move diffreutt
% classifier
1

Classification

Algorithm g € a discrete set

{0’ 1}

{©, @}
{"good", "better", "best", ...}
{"Fish", "Grizzly", "Chameleon”, ...}

LINEAR (binary) CLASSIFIERS:

linear regressor i linear binary classifier
Shared
features
yeR y € {0,1}
parameters
linear combo & 1inl2ar combe.
1 ifz >0 e A
predict g=z g= g1s "flat” and - N
0 otherwise discrete in6 2 options
e _Jo ifg=y Lo1(g,y) is "flat"
loss £(9,9) Luaurea = (9 ) Lon { 1 otherwise and discreteing
seperater: @ O ihresholdk
optimize « closed-form formula | training error almost "flat" w.r.t 6, © 21w2ys points @ + Feature Space
method « gradient descent gradient gives very little info
natroral

loss foune. choice: g:= svepl2)= Step (OTx +00)

o ¢ guess=ziabel S VERY hard +o ocpt'mize.
Loilg,4) = il o.w.

f12+ aimost everywnere (2ero grad.), “jumps” eisewne



LINEAR LOGISTIC (binary) CLASSIFIERS:

SI16MoID O (-): conf hence or EeStmated I['kelihood +hat x bllongs +o the positve class

- monotenic, elkgant grad.'ent ‘smoothed version

- 8,00 can Fiip, squeeze, expand, or SKIF+ the o (x) graph horizowntany

linear logistic binary classifier P 1l hoodl

features

1oss func: Lun(g,4)= -legg

parameters

-Smooth
{0sS ‘When g aimost 1.9 1i¢tI@ 108§
]

linear combo

0Tz + 60 =2 ‘g close to O big less

predict

linear logistic binary classifier

features: z € RY
parameters: 6 € RY, 6, € R
the logit z: z=0"z+6
apply sigmoid:
1
U

Predict 1if o(z) > 0.5, else 0.

3(2) =05 < 2=0= 0'z+6,=0

1-q z1-0(): model's predcied I'kelihood +hat x

1 ifo(2) > 0.5 Sigmoido(-): confidenceor beilongs to the wnegative class
estimated likelihood that @
0 otherwise belongs to the positive class
-log(i-g)
1d feature 2d features loss low loSS = low
o © \
t= s

separator is linear in feature x!

encourage g closer to 1

—log(g) ify=1
Lo (9:9) :{ loa(l—q) ify—o0 . S ~Wlogg+(1—y)log(l-g)]
og(1 - g) ly_o“suoserwo
*Wheny=1: —[/logg+ ]=—logg
+Wheny =0 —[ylogg+ log (1 - g)) = — [log (1 - g)]

Read as: }, (true label for class k) - — log(predicted prob of class k).
Since y € {0, 1}, only the true class's term survives.

linear logistic binary classifier

zeRY

features
label ye{0,1}
parameters 9 cR%L0 cR
linear combo 0Tz + 6y =2

predict 1 ifg=0(2)>05
0 otherwise
—log(g) ify=1
loss —log(l—g) ify=0

& —[ylogg + (1 — y)log(1 — g)]

optimize via

gradient descent A



LINEAR MULTI-CLASS CLASSIFIERS

to predict {hotdog, or not_hotdog}, a scalar logit z suffices

0ER0 R o (-) : predicted
® normalizing probability that z
67z + 6, (squashing) belongs to hotdog
zeR o(z) eR
raw score 1—o () : predicted

_ probability that &

for hotdog e
N implicitly belongs to not_hotdog

for K classes, use K logit scores.

e.g. K = 3: {hot-dog, pizza, veggie}
aenerat tation
of sigmoid in
3 ens’ons

6 € RK, g, € RX nigner dim
‘ T normali?ing predicted probability that
Tztb (squashing) softmax(z) z belongs to hotdog

determines

for K > 2 classes, a single scalar z no longer suffices — use K logit scores to keep track

softmax: R —RX

exp(z1)
SE exp(zx)
softmax(z) := : 7 _outputs all € [0,1],
explzx) sum to 1
) exp(er) now-neg
e.g.
.
1 arera | [0.0900
>
softmax | |2 | = | ol [ = 0247 (o eqest
3 e 0.6653 preserve
eltelred domnance
sofrer

- &
max among the K logits "soft" max'd in the output

genef‘b"zzﬂan of o

sigmoid R — R softmax: R — RK
1
o(z) = —————
1+ exp(—2) exp(z1
T exp(ar)
_ exp(z) softmax(z) := :

exp(2) + exp(0) exp(ex)

" K, exp(ar)

implicit logit for the negative class

predict positive if o(z) > 0.5 = o(0) predict the category with the highest softmax score

unifying rule: predict the class with the largest logit

one-out-of-K
classifier

linear logistic

binary classifier

features

parameters 6 € R™K, g, ¢ RE

linear combo 0Tz + 6, =z € RE

exp(z1)
i exp(2e)
o(z) = —P()

= oxp(0) + oxp(7) softmax(z) =

predict exple
S exp(zr)

predict positive if o(z) > o(0) | predict the class with the highest softmax
score

ONE -HOT EANCOOING:
-generatlizes from 10,13 binacy 1abels
ciasses as IR*

* ewncode Kk vectror wl

Singie 1 (wor) & Os

predicted probability that
2 belongs to pizza

K logits #
one raw score
each category
redicted probability that
z belongs to veggie

eisewhere



Negative log-likelihood K — classes loss (aka, cross-entropy)

g : softmax output gr. : probability or confidence of belonging in class k

ko
Lim(9,y) = — Zyk -log (gx)
2 k=1 7

y :one-hot encoding label N yi. : kth entry in y, either 0 or 1

« Generalizes negative log likelihood loss £,(g,y) = — [ylog g + (1 — y)log (1 — g))

« Despite the K —term sum, only the term corresponding to its true class label

contributes, since all other y, = 0

current prediction g =

softmax(-) —log(g) y (truelabel) Lo =~y - log(gi)
~log k
[ — hot dog| hot dog. hot dog hot dog|
% pizza| pizza @ pizza Lows
veggie! veggie veggie
5 i 5 B h i —
= 0.7, 0.2, 0.1] ~[0.36, 1.61, 2.30] =1, 0,0 Loss ~ 0.36
312  FEATURES, NEURAL NETWORKS
Recall:
step logistic multi-class

SYSTEMATIC FEATURE TRANSFORMATIONS
linear in ¢
non-linear
original transformation
fe;t:rﬂgs i} nz?/zf)ezhﬂgfs - l01¢1(33) + Oy () + - + Oy par (m)i
N //,

non-linear in @




systematic polynomial features construction

d =1, features: z; d =2, features: z1, x>
k=0 1 1 build vp higher & wgher
k=1 1 o 1 a1, 2 +erms (more poly relationsw:ps)
k=2 1z 2 1z, 2 2}, zi2, 3
E=3 1 z o2 1 2,2 af, oume, @) @, 2lw, 2123, of

+ Elements in the basis are the monomials of original features raised up to power k

+ With a given d and a fixed , the basis is fixed.

« n =9 data points, each with feature z € R and label y € R
+ data generated from green dashed curve

k=1 k=2
2 2
20 . 20
15 2 15
10 10
s «reference s y
o o ¢ > * 0 e =
I R ) L S S S S
h =0+ 6,2 h=0y+6,z+ 6,z

Learn 2 parameter degree-1 I 3 ete 1

K: hyperparameter that determines capacity (expressiveness) of hypothesis Class.
= models w/! wany rich featrures & free paraws tend +o have high c2pacity but greater risk of overFitting.

= hWow #0 cthoose k? valdaron/cross vavdatrlon
« n = 9 data points, each with feature z € R and label y € R
« data generated from green dashed curve

2 2

. 20
0

.
N 3
o 10
5 s .
¢ &
.. - o
N . . 0 o
4 5 6 7 8 9 10 4 s 6 7 8 o 10

h=060)+ 06,z h =0y + 6,2+ 02

today, so far:

z
=0} <@ 1
feature hypothesis class #(z)
transformation ¢(z) loss function
hyperparameters

n

(@D, — 5 {(3(a),y) }

@ |z

Linear
? . .
can we automate G ? Learning Algorithm

i.e. fold it into the learning algorithm?

NELVRAL AETWORKS:

neural networks:

<@
hypothesis class
loss function
hyperparameters

{@9N}L, —

Non-linear g

Learning Algorithm

the nonlinearity ¢ is learned not hand-designed



NN FUNDAMEANTALS:

snonuinear feature +ransformatrion

e xpressiveness
- Com pOSing SimpPIe wnonlinlavaviiies Ampliéies thes eFFect
\2yered

rore
Shrvsto + backpropog atron & EFficient Iearning

Neurons and the brain

(a) Pre-neuron
A~

We abstract this ipte

simple mathengat¢4] -I\\

)

inputs

m

oy = o(5x; — bz + 1)

o3 = o(—5a1 + 523 + 1) weighted sum

.
N

-

A *
d-dhim | T w1
)

xr =
Zq

Wq

e z: d-dimensional input
old ® .
« w: weights (i.e. parameters)

scalar. .
e z: pre-activation output
Scalar in SCalar oud
o f:activation function

* a: post-activation output

LAYER:

A
e23ch X
(ch-clim)
conwnlcts
o every
row

O O
A

Zd

learnable weights

some appropriately

Post-neuron
~<

.

Pre-synaptic spike

activation

weighted function

addition

weights

« "Composing" simple transformations

w: what the algorithm learns

z: scalar
{
f: what we engineers choose

13
a: scalar

« (# of neurons) = layer's output dimension.

« activations applied element-wise, e.g. 2! won't
affect a®. (softmax in the output layer is a
common exception)

« all neurons in a layer typically share the same
f (mixed f is possible but complicates the

math).
« layers are typically fullx connected, each input

z; influences every a’ .

e.g. linear logistic classifier represented as a computation graph

Zd
learnable parameters (weights)

Choose activation f(z) = o(z)



A (fully-connected, feed-forward) neural network:

learnable

weights
o Engineers choose:
« activation f in each layer
« # of layers
activations « # of neurons in each layer
can be represented as: oy = o(bzy — bzy + 1)
o0
£(-) identity function
-3
5 -5 1
1 -
5 5 _s
-

oy = o(—5zy + 5z + 1)

e.g. forward-pass of a linear regressor
w1

: a:‘“
. 2
@ = _)24@_'9—)
=wlz v

oL dentity  |£(9:9)

y® /<

« Activation f is chosen as the identity function

« Evaluate the loss £ = (g(l) _ y(i))2

« Repeat for each data point, average the sum of n individual losses

e.g. forward-pass of a linear logistic classifier

m(li wy
w‘z“
z0 = ... z
:'U)T.’L'
2o
ym"

9
=o0(2)
s:smc.‘d

« Activation f is chosen as the sigmoid function

« Evaluate the loss £ = —[y? log gV + (1 — y@) log (1 — g@)]

« Repeat for each data point, average the sum of n individual losses

Forward pass: evaluate, given the current parameters

.- gV
2D — gl — fl — W2 — f2 — o —— fL_.

o)

+ the model outputs g) = fr ( ool ( fl(x(i);Wl);Wz) ;...WL)

« the loss incurred on the current data £(g®,y®)

linear combination

§ ; (nonlinear) activation
+ the training error J = 1 377 | L(g®,y®)

loss function
DESI6GA) CHOICES
Hidden layer activation function f choices

o used to be the most popular

« firing rate of a neuron

« elegant gradient o’ (z) = o(2) - (1 — o(2))

nowadays, the default choice:

2
— 1
_Jo ifz<0 -~ T
ReLU(z) = { 2 otherwise — max(0,z) = max(0,w" z + wy)
-1 1 2
very simple function form (so is the gradient).

OReLU(z) [ 0, ifz2<0
0z 1, otherwise




compositions of ReLU(s) can be quite expressive

2reIu((x-(O-O.l))/O.l) , relu((x-0)/0.1) 2relu((x-(l-O.l))/O.l) , relu((x-1)/0.1) , = 1(0<x<1)

‘compositions of ReLL can bk guite expressive
(even jost 4 ReLL nevrons aiready cavves 3
non-irivial surface)

o
T

I

]

I

1
b
+

o r
+

o r
+

o r
|

o r

|
-
|
-
|
-
|
-
|
-

2 -2 -2 -2 -2
-2 [ 2 -2 [ 2 -2 [ 2 -2 [ 2 -2 0 2
asymptotically, can approximate any continuous function arbitrarily well (for regression) WIDTH: # neurons in layers
’ DEPTH: # of [ayers
)Z D increasing width/depth (w! non-1:near
o Sk vatrion) wakeS wmoodel move Eexeress've

therefore can also approximate arbitrary decision boundaries (for classification)
but 2lSo inctr. risk of overfitting

Recap o1 =0 (5z; — 5zy + 1)

—) £(-) identity function

3

oy = o(—5z1 + 5z5 + 1) ‘

319

5 -5 1

BACKWARD PASS (to 1earn paraws /weighis)

zeR?

weR! (xy) = (2. 6)
L . yeRr ey i
Ty e S=3"'|=|2 -
S

«

for simplicity, say training data set is just(z, y) and squared loss =12

o2 n h lo!
= 9
z e e =(5-6\‘

z4 L(g,y)
y 3:=6 3
chain role (x.vY= (3. ) pre-ac
_OL(g,y) _Og OL 39 Ag-y)? Ouw'z) Ny woy -act.
T 0w  Ow 89 ow  og = Tow 2g—y) ==-29-v) 2
d wsYy
Slightly more interesting: z€eR w
ghtly g we RY =
S R yeR e poSH act
- 2
z /
Ty 2
=uw'e = ReLU(z) teg(9) loss
z4 L(g,y) f9=12
y p— 9
(x.4)=(3,6) S 1099
_0Lly) _ 0 00 0L _0: 09 Og-yf _ . BRIV ol oo or?
T ow dw 0z 0dg ow 0z dg =¥ 0z G-y b
3 =0
d
Slightly more interesting: zeR S - F 3
w e R? no locally
- R yeR thanging @
Ty /- ) P
T2
=uw'z 15 1 ReLU(z)
q ! £L(g,y)
05
y .
9[(ReLU(2))] _ X ifz<0
¥ 0z 9= = 22 (g —y), otherwise

_J o, ifz<0
~ | 1, otherwise example on the blackboard



backpropagation: reuse of computation

partial L _ 071 o4 07
less AWl  OW! 9z' 9Al
0L(g,y) parka
sured EYA) loss
97" 9A'  0Z° 9A* 97304  9z' g OL(gy)
oWl 9z'  0A'  97° 0A2973 ° OALT 9zL 0y
71 Al W’/ - “Zz A2 7L g
z — W — fl —_— W2— f2 — e — W — fL _
L(g,y)
y
87?
OW?
oL 92?
oWz~ aw?

Training a neural network: the full loop

Rcould @ither evaluatre
2l parital derivatives

Initialize all weights W', W?,.. +o0 nuwmerical vectors or

., WL randomly

Repeat until stopping criterion: For in chunes

1. Forward pass: for each data point, compute 21, A1, 2%, 4%,...,¢%) evaluate

2. : for each data point, compute £L(g,y)
3. : pick a data point, compute Vi L(g?,y®) forall £ = L, L—1,...,1 via the chain rule
(reuse intermediate results — backpropagation) 4o scl- vals e.g., L _ az! LA‘LZ?
8 1earn params W' oW ozt ox
4, (W WE— VL for all £ or o
# no+ guaranteed +to be optimal Wz aw?’

ISSUES 8 REMEDIES

if 2% < 0, no weights get updated (x09)= (3.6)

wt 2 V V 2?:wia,
NG ':“ V[’z R 2 swWiaj
Ty 2 a.—v@
. @—) *'—) 0.’
= 2 /:‘ 18 22
g . A ¢ ad L(g,y) 'Y 2
o  da
2t 3
b CYY
Y tvo v J
# dead ReL.U
A e
€ RAQKG. e Rb.‘b-
—': [ -_‘6 Rbe¥b,x dexa, (ooxan)- (boxb)) partial derivatives
+o caleculate
(3%
Ex: [yz-1, 22:-3,
inpot inko ReLU is O 22
Residual (skip) connection:
Z1
| @O
o= .. @—> 22 g—>
&
L(g,y)
T4
Y

Now, g = 2% + ReLU(2%)

even if 2% < 0, with skip connection, weights in earlier layers can still get updated



Vanishing and Exploding Gradients

Backpropagation computes gradients via the chain rule — a product of many factors:

oL ozt 9A' 9z* 9AY 9zt ag oL

& Bwi T awl 971 Al 9zZL1 QA1 9z dg

L—1 layers of multiplicative factors

If each factor is small, their product shrinks very quickly with depth, little learning.

If factors are large (magnitude> 1), gradients explode, also problematic.

Many practical remedies: residual connection, gradient clipping

Gradient clipping: If || V|| > 7, rescale: V ¢ 7Ty

Preserves gradient direction, caps its magnitude

Summary

» Multi-layer perceptrons automatically learn good features and transformations
from data.

« Training loop: forward pass — loss — backward pass — weight update, repeat.

« Backpropagation reuses intermediate computations to efficiently evaluate all
gradients via the chain rule.

* Dead ReLU neurons (pre-activation always negative) get zero gradient and stop
learning; careful initialization helps.

« Vanishing/exploding gradients arise from multiplying many small (or large)

factors across layers.

Reference: weight initialization

« If all weights start at 0, every neuron computes the same thing — no learning
« If weights are too large, activations saturate or explode

« If weights are too small, signals shrink to zero across layers

Goal: keep the variance of activations roughly constant across layers.

« Xavier initialization (for sigmoid/tanh): I/Vf; ~N (0, #)
where ny_1 = number of inputs (fan-in) to the layer
« He initialization (for ReLU): W, ~ N(o, %)

factor of 2 compensates for ReLU zeroing out half the inputs



« Visual hierarchy

36 ComnvoruTionAL AeurAL NETWORKS

: 784 inputS = musi cAlcuidre (3K params

Hubel & Weisel featural hierarchy &®
- have 3 specialived, Structured neiwork +o help fight overfitting e — %mww [©Y0)
complexcells midlevel
2 partly Fully-covmected nets dont Scale ueil for vision +2SkS simplecells
D ouievel O
+ viSual hi erarvchy Layered structure are well-suited to model this hierarchical processing.

s Spatial 10cality (20om in & compare things areund a pt)

c4ransiational invariance (Should recognize 2l +ypes despi+e difFerences)

% CAN ExnproiTS

via layered Siructure, Convelution, and pooling +o handle images efficiently 3 effectively

typical CNN architecture for image classification

the same feedforward
net as before

— CAR
— TRUCK
— VAN
CNN Q/E —

|j D — BICYCLE

FULLY
INPUT FLATTEN CONNECTED SOFTMAX
Y Y
FEATURE LEARNING CLASSIFICATION

typical CNN structure for image classification

— CAR
— TRUCK
— VAN
O O

— BICYCLE

FULLY
INPUT CONVOLUTION + RELU POOLING CONVOLUTION + RELU POOLING FLATTEN CONNECTED SOFTMAX
Y 2%
FEATURE LEARNING CLASSIFICATION

Convolutional layer might sound foreign, but it's very similar to a fully-connected layer

Layer Forward pass, do Backward pass, learn Design choices
fully-connected | dot-product, activation|  neuron weights neuron count, etc.
convolutional | convolution, activation filter weights conv specs, etc.

Convolution result:




CoONVOLUTION:

Siemplate marching (+e Fiter): 20
convolution interpretation 1: template matching

ASuiding Window, multiply
Oovtpur: SCAJr

input 0
[ S—
e
filter
convolved l
output 1
13¢9@st output
Qot Hhe highest Value wwen
pattern matrched Fitee
convolution interpretation 2: "look" locally through the filter
this local region = receptive field
input 0 1| -1 1 1 @\ -1
L PO
=©
filter a1 O= !
-1
=6
O
convolved 1 :@
output 1 K 2 0 1
input output
convolution interpretation 3: sparse-connected layer

with parameter sharing

/—-‘0‘1|—1‘1‘1‘-—\ siide
o0 |0

convolve with

dot product with

1 -1 0 0
] ]
0 1 -1 0

EX: 20 COmvoLuLTION
input

girer




STRIDE ©F 2:

. s K

- M-

STRIDE OF 2, PADOING S1Z2€ A

;
;
;
;
i
;
;

quick summary: hyperparameters for 1d convolution

« Zero-padding

0 0 1 0 1 1 0

« Stride (e.g. stride of 2)

0 0 1 0 1 1 0

« Filter size (e.g. we saw these two in 1-d)

-1

these weights are what
CNN learn eventually

each Fiiter hetlps w! pariern vrecogwnition:

learned filters detect many patterns

input

filters

conv'd
output




3D TensoRrs

4 2 30 48 5
_
3 ——
2
onoomn|
;/ EREEE)
ot P
s { Gl el
30 tensors: EEl==]x]
20 matrices 5 152 = =
stacked tog. 2 5

ccollection of 20 images (Ex: R, G, B) » ach chanwnel 'S a compiete bui independent view of +he Same Scene.

3d tensors from color channels

3d tensors from multiple filters filter 1

C2n Stack complete bu+t ind. chhannels

filter 2
CHANNELS come from:

N color input (widihx height chanaels)

2) moultiple Filters - multiple Chanwels
Why we don't typically do 3d convolution

slide along —

B
B
slide along |

Convolution shares weights across shifted positions

shifting makes sense spatially (a cat can be anywhere)

but not across channels (red = shifted green)

input tensor k filters output tensor

o ez




Every convolutional layer works with 3d tensors:

1. color input

2. the use of multiple filters in doing 2d convolution

input tensor Kilers output tensor
d 7

W 7
///j/

[

MAX PooLinG: B RELOU D Pide whnere the pattern was; i just care if i+ @wxisred”

POOLING: Similar +o convolviion, but instead of learning 2 Fl+er, VS max peoling Filter to

1d max pooling

convolution ReLU max pooling

O o0

O o0

O— o—-O—_ O
O— W —0-0——max==0
O— oO—-O0—

O
O ‘ slide w. stride O—O ‘ slide w. stride
O o0

learnable filter weights no learnable parameter

detects pattern summarizes strongest response

®POOING Across Spatial locarons achi@veS mvariance u.v.k. Swmal +ransidtiows

-large response regardiess of @xact pesition of edge
Pooling across spatial locations achieves invariance w.r.t. small translations:

width
width
pooling 7
height height
channels channels

applied independently across all channels

so the channel dimension remains unchanged

imagenet ciassification @erowm

filter weights fully-connected
. neuron weights

Max Max
pooling pooling




Here are the building blocks we will use to build a CNN:

« Convolutional layers
* Max pooling layers
« Fully connected layers

Assume that the task of our CNN is to detect animals like cats, dogs, lizards etc. in an image.

21)

Which type of layer would be best to use to detect low-level features (like lines, curves, etc.) of an animal in an image?

Choose one: ¢ patiern makcher”
PGy 100.00%

You have infinitely many submissions remaining.

e\es:gned 4o look for SeecCiFie loca) Struchue.

Solution: Convolutional

(v Surrounded by Os)

Explanation:

Filters in the first { layers are ible for ing low-level features (e.g., edges, color, contrast). Later

layers are ible for q id-level features (e.g., ears, eyes).

2.2)

Suppose we are given a set of inputs where each input represents whether a useful feature of animals (tail, beak, whiskers, etc.) occurs anywhere in a
image. Which type of layer would be best to use to turn these inputs into a classification of whether the image is a cat, dog, lizard, etc.?

Choose one: [Filyomeiesy] OR gate: +he ‘clecision maker "

You have infinitely many submissions remaining.

Solution: Fully connected

Explanation:

Fully connected layers allow combining features from the entire image and provide the final network output.

2.3)

Suppose you have detected occurrences of some useful low-level feature, like a furry tail, throughout your image. You would like to use these local
detections to figure out whether or not the furry tail occurred anywhere within larger regions of the image. Which layer would be best to use?

Choose one: [Maxpoo v] ‘@vidence gatnerer ™

You have infinitely many submissions remaining.

Solution: Max pool

Explanation:

Max pooling layers detect the strongest response within a given window. This property allows the network to be less
sensitive to feature locations.

1 if image centains B l1easr one instance

of +ne fiiter (Wi wmak(x.o) apprred o 7+)

£lx) =max (% 0)

RELL: fr1ter for reievance (keep matrewes but
turns wneoise +o 0)

M2ax pooling: Summarizes the region.

de where twe pattern was;

i just care if i+ ewisreo”




3130 REPRESENTATION LAYERS:
Representation transformations for a variety of neural net operations and stack of neural net operations
Xout Xout.
-1-050 05 1 -1-050 05 1
LI S A AR
VLo L X2
Vo L -1-050 05 1
[ L aa
R Lo a ! !
[ o S | |
Vo I st ! !
- [re=reluca)] /1 1
-1-050 05 1 -1-050 05 1 S
Xin Xin 7 ’ I I 1
k&%
Xout Kout \ \ ! ! ,
-1-050 05 1 -1-050 05 1 [ T
—F T I
e SE Vo
Sl / i Vv
/’ o ] ' /r o « o . . . * >
LD et 0 -1-050 05 1
SRR A Xo
~1-050 05 1 5 -25 0 25 5
Xin Xin
equation mapping 1D mapping 2D
Xout —grprtEesy—————
Xout = WXip
Kout.
Xin Xout. Xout
o—0
CC 8 Tou, = max(z:,,,0)
O—0 Xin
Xin 1
TRAINING AN CLASSIFIER:
g = softmax(z;) l
29 = linear (a;) € R?
a1 = ReLU(z)
21 = linear (z) € R? -
z € R? maps from
g \ complex data
2 - space to desired
ay target space
$2rBt out: Training data
) A ) -
"
——
-
[images credit: visionbook.mit.edu]
10
. ¢ h Wi e: :
*Bach 1ayer = different representation lembeddaq,)
of data
- from 1atent embeddings +o ola+a: gen. moeleliing
Training iteration images credit: visionbook.mit.edu] |




‘Thomans ai1so 1€arn representations:

cCcompact (minimai)

- @xplanatory (roughiy sofficient)

. disentangled Gindependent Factors)

- interprer. nderstan )
- make Subsequent probiem lving €3Sy
SELF-SUPERVISED LEARAWG
svpervised: seif-supervised:
Label prediction (supervised learning) Self-supervised Learning (partial feature reconstruction)
Features Label
—funiabelied fearures
—_— — — — - -
N — ¥y
e z
Partial Other Partial
Features
Unlabeled features z Labels y are Features
are abundant expensive... Harder reconstruction, forces understanding.

lots of uniavelied Features
on e internet!

Masked Auto-Encoder (Vision)

MASKING-. predict Color from grayscale [one methoot)

Wlo relying on 12be1s

decoder

(LR ] ]
\/
ESNEE

|AuTo- ENncODERS

Good representations are:

Auto-encoders
explicitly aims

« Compact (minimal)
« Explanatory (roughly sufficient)

« Disentangled (independent factors)

these may just « Interpretable (understandable by humans)

emerge as well
« Make subsequent problem solving easy

Rvs L c

Features Reconstructed
Features




AuTo- ENCODER:

min ||z — &||?
W

bottleneck -,
T — —
O O
O (]
[ J [ J
[ [ ]
® ©
@ o
O [ ]
O O
O [ ]
0 O] Reconstructed
N N — image
encoder  decoder
Data space: Representation space
(high dimensional, irregular) ) (low dimensional, regular)

Encoder
fraining & +eSting:
Training Testing Training Adapting
Genre recognition Preference prediction Genre recognition Preference prediction

@) c1assicar
0| hie hop )

10| rock / " Like
@] morar f o W — (@] reusar
O] axternative Dislike

o

_. soura

Al

Often, what we will be “tested” on is not what we were trained on.

"common"-sense  task-specific
representation prediction

Finetuning: initialize f’ as f, then continue training for f’ as well, on new target data

Training Adapting

Genre recognition Preference prediction e
Pretraining

(O] cxeesicen Genre recognition
Q™ ive

G | B q
0] azternative bistike

classical
@) xer O] niv nop
/ i n rock
common"-sense  task-specific metal
representation  prediction 0] arternative
rap

Final-layer adaptation: freeze f, train a new final layer to new target data

Adapting Testing

Preference prediction Preference prediction

Like
— |Of neura1
Dislike

A lot of data A little data

WORDO EMBEDDINGS:
embed words -» veciors

(2 words close semaniically will be closer together)

« Scrape the internet for plain texts.

« Cook up “labels” (prediction targets) from these texts.

« Convert “unsupervised” problem into “supervised” setup.




Query Key Value Output

Lorange | o1 [ o [ 0 [

We put (query, key, value) in "good" embeddings in our human brain

such that "merging" the values 0.1 - + 0.1- + 08 -

via these merging percentages [0.1 0.1 0.8] made sense

very roughly, the attention mechanism in transformers automates this process. We'll
see the details next week.

MASKING:
1. Masking e.g. medical imaging , H.. Itloss
£ .
e

[ mulnp\e Transtomer lyers, UpSamping Ne«s)
ol ] wf Fy—

e i EEN
‘,g T
li ii-lgiiii
| 4|
!

o
m  AEE-—E WE

[:1’

3D VHOG

Attentive
Reconstructe

Masked ) Reconstructed
Paiches  Visible o
Patches [7han

e.g. 3d geometry

1. Masking

Mesh Patches  Center of Patches

L SECOND Encoder
Masked Input Reconstructed Output
Point Cloud Point Cloud

1. Masking e.g. audio

e.g. graphs

Masked ot Grph HiddenStaes Cross ol Decoder TurgetGrph
T GNNEncoder |
GraphMAE | Mask "
: Feature oo ‘M“KI
o | Features
=0 ", |
D — o

e

wao | O skl

wom@® TN Lo o S - Scaled Cosine Error(%, X))

\——— " Encoding — — — +— — — —Decoding— — =




1. Masking

ISelo optim2l For languages

QASolo optimal for videos

#m2Sking Seolo iS optimal for

T

T w T w

(a) agnostic, 90%  (b) space-only, 90%  (c) time-only, 75% (d) block, 75%

[Feichtenhofer, et al., "Masked Autoencoders As Spatiotemporal Learners", NeurIPS 2022]
CONTRASTIVE LEARNING:
. N by 3
MULTI- MODALITY
. o 4
. F | H & [ ) vtz [

e.g. image classification (done in the contrastive way)

1. Contrastive pre-training

# extract feature representations of each modality
I_f = image_encoder(I) #[n, d_i]
Toxt Tf =

w7 7T ) _f = text_encoder(T) #[n, d_t]

N . # joint multimodal embedding [n, d_e]
f e " I_e = 12_normalize(np.dot(I_f, W_i), axis=1)
T_e = 12_normalize(np.dot(T_f, W_t), axis=1)
o B L
# scaled pairwise cosine similarities [n, n]
B nh LT LT

L7 logits = np.dot(I_e, T_e.T) * np.exp(t)

Tmage

e L |5 I L 4 symmetric loss function
labels = np.arange(n)
i ross_entropy_loss(logits, labels, axis=0)
o W o | | 2o P ross_entropy_loss(logits, labels, axis=1)
loss = (loss_i + loss_t)/2
[Radford et al, Learning Transferable Visual Models From Natural Language Supervision, [(CML L‘L\w

e.g. image classification (done in the contrastive way)

2.Create dataset classifier from label text

n 3 T T
L nnonn onn . L7 3 Usforzero-shotpredition
R
.—» fry RS

Y. LeCun

P> “Pure” Reinforcement Learning (cherry)
P The machine predicts a scalar reward given once in a

while.

P A few bits for some samples

P> Supervised Learning (icing)

» The machine predicts a category or a few numbers
for each input

P Predicting human-supplied data

» 10—10,000 bits per sample

P> Self-Supervised Learning (cake génoise)
» The machine predicts any part of its input for any,

observed part.

P> Predicts future frames in videos

» Millions of bits per sample

©2019 IEEE International Solid-State Circuits Conference 1.1: Deep Leaming Hardware: Pa: [Slide Credit: Yann LeCun]




Yl recap: word embedding

Query Key Value Output

[orange | [Tapple]  [pomme| . 0.1 [pomme] + 0.1[banane] + 0.8 [ citron
[Bananal [banane]
{emon] [ citron |

a. compare query and key for merging percentages:

softmax ‘ oranse ‘I ‘ (OUEED ‘I ‘ (OED ‘I — [0_1 0.1 (].8}
) )

b. then output mixed values 0.1 [pomme] + 0.1[banane| -+ 0.8 [citron |

Let's see how this intuition becomes a trainable mechanism.

TRANSFORMERS:
cinput embedding: © Small chunks, Cach of whith w! 2 wmappng (ex. GPT-2 n=768. GPT-3 wn=1200+)
- p2ssed through atiention layer (V3IVES internally €hang@) +hen muli:i-layer pevception

- Bord ewmbedding 4o SOFtmax disi. over vetab (want corcect wWord +0 be 2Ssigned high peob.)

t thinker of all time
the N 8.

probably

word embedding
to a softmax
distribution over
the vocabulary

Minimizing cross-entropy loss drives the weights to
assign higher probability to the correct next token

WORDS W/ MULTIPLE MEANINGS:
ca3n 3 ‘moles” wmagpped to Same representahon El(mole)

clook € Surcounding wordks 8 Soak in contlxt Jo get more specific representation

"To date, the cleverest [ ]

Transformer

% E' E E distribution
over the
vocabulary

push for push for push for push for
Prob("date") Prob("the") to Prob("cleverest") Prob("thinker")
to be high be high to be high to be high



— T 5 T
input embedding
transformer block
transformer block I
l i i i blocks
transformer block
output embeddin,
(N ] I ki E I 1 J
T T T T
L, Lz la,
' transformer block
each of the n tokens transformed, block by block
within a shared d-dimensional word-embedding space.
x X2 T3 Z4
transformer block
attention layer -
W, Wi, W, Wk,
MLP neuron weights rii’
— = =
- o or
T X2 T3 Ty
attention layer
[ (gkv) projection W, W, W, 4._
attention mechanism
\: attention output projection ¢—L—

Most important bits in an attention layer:

1. (query, key, value) projection
2. attention mechanism

I (query, key, vawne) peojection: linear iranstormdtion
1. (query, key, value) projection

With learned projections, we frame z into:

« a query to be the questions
« a key to be compared
« avalue to contribute

Why learning these projections:

o W, learns how to ask ——3 wwh2+ +o 28k
« W, learns how to listen

« W, learns how to speak == giving an answer

Y sets of weights
we caw \earn

(Wa, Wk, Wv, we)

d: word empedding

di: (qkv) -embedding & 1earmed w2y of purasing
9oed value/lresponse



1. (query, key, value) projection

trenrion
> wead:

o Wy, Wi, W, all in R%xd

« project word embedding z from d-dimensional space to d;-dimensional (g, k, v)
spaces (typically dj, < d)

o g = WqT i, ki = W,? Tiy Vi = WUT xi, Vi — weight sharing across positions

« parallel and structurally identical processing

@once you vnderstand how 4o phrase geed quesien, it's very veuvseable

2: 2+¢iention wmech,
2. Attention mechanism

attention mechanism

lzl 122 l z3 l24

« Attention mechanism turns the projected (g, k, v) into z

« Each z is context-aware: a mixture of everyone's values, weighted by relevance

1 T4

T2 T3 1
1] 2] [9s] @
L] || | H
L] L] L] L]
F query comparing dot product
softmax( ‘thl I ’Iqqll | ’I‘qll l 'I‘q1| I 'I /\/d_k Similarity for 0iner ppIs keys
U U b

e = .I+.I+.I+.I € 3ofimax attention

PARALLEL & STRUCTURALLY IDENTICAL proc@ssing: Can Calculate 24 wio 23

% Waq, Wi, Wy sthared wl all elemenss! but Even #wough question meanm’ iS +the Same, WAy quesStion IS
2sked mignt be SighHy o FFerent

ATTENTION HEAD: Compact Matrix form
Attention head - compact matrix form
Ty T2 T3 T4
w,{ w\w, A ] ing W W, u: W A : n; W,
[a1] [22] (@]
L] Ll ]
L] L] L]
attention mechanism
l 1 l 1
21 z 23 24

II By stacking each individual vector in the sequence as a row

@]
e ,

-

softmax_ (QK”/v/k)

. Z =softmax (QK7/v/d.)V
by A




1. (query, key, value) projection

X e R™¢
___________ T ea2ch x roken maps
o o gquery token
Wye R™% - Wi € R S, € RO
g 4:: \\)I
Q=XW, € R™% K = XW,;, € R™% V = XW, € R

2]

Siq S [y

Ei

fow i: query
cot §: keys

[a] ] “h

2b. attention matrix A X

A
FRER
ﬁ

4urn Yo
distcipUrON
st @2¢h 4o
row SV

S i Y

sotm (I v

( I
a sof‘tmaXE_/\/a; — softmax_(QKT/v/d)= c R
ot (IR

each row sums up to 1

2c. attention-weighted values Z X

B = AV = softmax_(QKTNAL) V'
A
e

inrernal X
ceprese atations or, often  (akv) proj. 11, Wi 1)

even more o Kv

compactly mmmdml
z

a6

T4

attention mechanism

only ¢2°8 2z € R%

e
fofofon] e 25

— gont J
- II+II+II+II
,




MULTI-HEAD ATTEATIOA:

f

3

attention mechanism

l}l ...

23

l

H
3

Z.

=

Multi-head Attention

In particular, each head:

« structurally identical processing
« for each token in the sequence:

= structurally identical processing 4
%,

« learns its own set of W, Wy, W,
« creates its own projected sequence of (g, k,v)

« computes its own sequence of z

Parallel, and structurally identical processing across all heads and tokens.

index along sequence
———

g r21\el- pe : machine
“ FE. £
rner (] ‘ON calel - i+ for
otners o le2rn)

input

toncatendte
2S5 2 —

SN S

attention output projection  11'” ¢ RH4xd
ouvkput = Zout, Zouty Zouty Zouty

N

@ Shape Example: X input nxd 5% 6

W) query proj dxdy 6x3

w/ key proj dxdg 6x3

n num tokens 5 wl value proj d x dy 6x3 J

d word-embedding dim 6 forasingle ) Q" query nx dy 5x3

hypee PBFIMS =8 d; (¢kv) embeddingdim 3 attentionhead ) gh key nxdy 5x3

vh value n X dy 5x3

Al attn matrix nxn 5x5

Z"  attn head out nx dy 5x3

H num heads 2 concat(Z'...Z#)  multi-headout nxHd, 5x6

we output proj Hdyxd  6x6

Zow  attn layer out nxd 5%6

W are the learned weights




T ExAm 2 | convTenT ™

LECTURE 10: MARKOV OECISION PROCESS & S + LI creatl reinforc@ mlat 1823¢ning
PoLicy EvaL: similar to fwd P2ASS; given Sming 3 Evaluating quality of that thing
POLILY OPT: g:milar $o back PSS ; seavehing for "‘““3 of ‘good quality ™
% Finding gqood policy Similac +o P:nd.'ns good _se+ of weighis
S: sta1e Sp2ace, ComtainS 2N possibie Stares S
A: 2ciion Space, Contdins 211 pOSSible dC+ows O
T(s.a.5:): probabiity of dransition from State S +to S’ when ackon a S taken
i Running example: Mario in a grid-world

R(S,a): reward, Fakes in a (State, 2cHon) pair 8 veturnS a reward

« 9 possible states s

refo.: discount Factor, > gcalar « 4 possible actions a: {Up 1, Down |, Left <, Right —}
i + (state, action) results in a transition T into a next state:
>

W(S): policy. takes in State & (Rturn 3ctom * Normally, we get to the “intended” state;

» E.g. in state (7), action “1” gets to state (4)

« If an action would take Mario out of the grid world, stay put;
% Goal of MmOP s +o find good potcy 8 vP

o E.g., in state (9), “—" gets back to state (9)

in 6.290: = In state (6), action “1” leads to two possibilities:
> 20% chance to (2)
‘S 8 A = Smau discrete sets ° 80% chance to (3).

*S! 8 &' Shori-hand for newd timesrep State & 3ction

Reward R(s, a)

f ¥
. ) ‘ |
Transition T (s, a, s") @ @ Your future owiy depends on your

- N -
° ° e e @ @ time curc@nt & wnot your PAS}H

everq step & 2acr'on determnes Hhe

next fururl step

a trajectory (also called an experience or rollout) of horizon h

T = (80, apg, 7oy S1,Q15 71y - - Sh—lyah—lﬂ'iwl)
A

o ap=m(se)
initial state all depends on 7

o 7o = R(st,ar)
« T(s,a,s")
(Pouicy EvAL)
VALOE FomC: long-f@rm. Sum & (Calc. expectation
Value functions:
Vi(s) = J]E[R(so,w(su)) + R(s1,7(s1)) + ¥2R(s2,7(52)) + Y*R(s3,7(53)) + . + 7" R(sn_1,7(sn 1))}

=E[SI /R (s () [0 =57] (eq. &)

« V7 (s) : expected sum of discounted rewards starting in state s and follow 7 for h steps
« Value is long-term; reward is immediate (one-time)
« Convention: V§(s) = 0 for all states

« The value expectation in 6.390 is only w.r.t. the transition probabilities T (s, a, s")



g evaluate V7 (s) under the "always-up" policy

states and
one special transition:

1

emls) =17, Vs
=09

Vis) = B[Sl 2R (51 1) [ 30 = ]

= E[R(so, 1)+ 7R(s1, 1) + -+ 9" "Rsn 1, 7)]

h terms
horizon h = 0: no step left horizon h = 1: receive the rewards
Vi(s) =0 Vi(s) = Ris, 1)
o o 0 o 0 1
o0 o 0w
o 0 [ 0

g horizon h =2

states and
one special transition:

em(s) =417, Vs
e =09

g horizon h =3 TR(2, 1) 7R(2, 1)
20%
:::E:p‘::il wansitions | V3() 1 E [R(‘m’ 1+ Rlar, T—/) + 7R T)} @ action a t
4 s 6 80%
action T
e RGD PRGN
rewards

“(s) =417, Vs
«y=09

Vi(s) : E[R(so, 1) + 7R(s1, )]
N ———

2 terms

R(L, 1) +9R(L, 1) R(2, 1) +9R(2, 1) R(3,7) +7R(3, 1)
o, i T 21409%(1) =19

R(4,1) +9R(1, 1) RN
i
o o
7

R(5, 1) +R(2, 1)

Vi (6) = RE) + 20% R, 1) +80% 7R(3,1) + 20% +?R(2, 1) +80% HPR(E, 1)
= REM) + 20% [ R D + PR +30% [ 1RG, 1) + FPRED) |

- e ] 0
= R@) + 20% - + 80% v Vi(3)

Vi) = RE) + 20% + FHB) + s0% v Vi)

horizon-h value in state s: the expected

sum of discounted rewards, starting in

state s and following policy 7 for h steps.

(eq. &)

states and

Vi(s) = REm(E) + 7 5, T (s, 7(s), ) VI, (5)

(h — 1) horizon future
value at a next state s’

sum of future values weighted by the
probability of reaching that next state s’

discounted by y
Value functions converge as h — oo
t .
Veo(s) Va(s) Vi(s)
one specal transition:
o] s 0 0 998 0 0 998 0 0 10
et
i s le
0 0 281 0 0 281 0 0 28
50
0 0 25 0 0 253 0 0 25

ons) =10, Vs
cy=09

« As we extend the horizon, value differences shrink

« because longer-term rewards are heavily discounted

* 50, as h — oo, the value functions stop changing

« convergence can be seen, e.g., via V1, (3) =[+19 + 98 + 9° +--- = 10

‘Typically, 7 < 1 to ensure Vay is finite.
2

group +2il portiovs & rectursively

As horizon h — oo, the Bellman recursion becomes the Bellman equation

states and
one special transition:

20"

rewards

Recursion (finite h) & I =R(s,m(s)) +7 >y T(s,7(s),s) Vi_, (s)

Equation (h - c0) @ .(s) = R(s,7(s) + 75, T (s, ﬂ(s),s’).(s’)

A system of |S| self-consistent linear equations, one for each state

Vi(s)
¢ 0 ° VLG) =R(3, 1) +7(VLG)
=1+.9x10= 10
0 0

VA(6) =R(6, 1) +71.2 x VL(2) +.8 x VL(3)]

o 0 2: =10+ .9[2 % 0+ 0.8 x 10 = —2.8

H own +o ¢ _va\s




Quick summary n(s) ——| Policy Evaluation ———V7(s)

Use the definition and sum up expected rewards:

Vi(s) = E [SE YR (30,7 (50) | 50 = 8,7

Or, leverage the recursive structure:
@ finite-horizon Bellman recursions

Vi(s) = R(s,(s)) + 72, T (s,m(s),8') Vi1 (5')
@ infinite-horizon Bellman equations

Vi(s) = R(s,m(s)) +7 2, T (s,m(s),8) V. ()

(PoLicy OPTIMIZATIONT])

OPTIMAL POLiey n#: policy +hat 4ielolS hignest possibie vawe VALs) from @very Stare
cmighe notr be unique
n* «

Vih(s) = M3XVy (s) = Vii(s), WseS

-v¥(s) defined over States. viet achons

if we've acted optimally for h steps: Vj(s)

with the first step action we must have acted optimally from
that led to the optimal future the first step onward Vj,_;(s')

Reward R(s, a)

Transition T (s, a, s')

Vi(s) =R (s,m(s)) +v> . T(s,m(s),s") Vi_; (s) (recall, eq. (&), for any policy)

Vj(s) = max, [R(s,a) + 7Y, T(s,a,5')Vj_;(s')]  (new, eq. &, for an optimal policy)

Vi (s) = max, [R(s,a) + 7Y, T(s,a,s")Vi_,(s)] (eq. &)

Qi (s,a)
Define the optimal state-action value functions Qj (s, a) :

the expected sum of discounted rewards, obtained by
« starting in state s
« take action a, for one step

« act optimally thereafter for the remaining (h — 1) steps

Q* satisfies:
Qi(5,0) =R(5,0) + 7> T(s,0,8) maxQi, (@) (eq. 6
v
g Q;(s, ): the value for ?:;:;::unespedal Rewands:
i 1 o2
« starting in state s, 207 A0

« take action a, for one step i
« act optimally thereafter for the remaining (h — 1) steps | , _ g

Q’{(s, a) Q;(s, a) Let's consider Q3(6, 1)
« receive R(6, 1)
« act optimally at the next state s’

0 o ! s « 20% chance, s’ =2, act optimally,

o oo o a0 2 get maxy Q7 (2,a')

o o o « 80% chance, s’ = 3, act optimally,
get maxy Qi (3,a')

Qi(6, 1) = R(6, 1) +~[-2max, Qf (2,a) + max, Qf (3,)]
= —10+.9[2x0+.8x1] = —9.28




Value iteration: what we just did, iteratively invoke (eq. E&):
Qi(s,a) = R(s,a) + 7, T(s,0,5) maxy Q;_, (s, @)

Value Iteration
l.forsc S,ac A:
2. Qo (s,2) =0

3. while True:
if run this block A times 4

S { S, : .
andbreak/thenthe{ ors€SacA T(s.b,s’) -~ 3cCHon b Mmaseix:
returns are exactly Q;, 5. Quew (5,0) < [R(s,0) + 73, T (s,0,") maxy Quua (s, @)

6. if max; o |Qold (8, @) — Qnew (5,a)] < €: colsz where you ewal op ‘s')
7 return Quew fom SO
Q(s,a) 8 Qo Quew froms =1
{rom S z2
Lroms=23

Wholk row: fran Stake ©. 4ake achon b
Optimal policy easily extracted: & m(s) = arg max, Q; (s, a)

e.g. the best actions to take in state 5

Qi(s,a) Qi(s,a) Qi(s,a) o Qi(s,a)

0 0 1 0 0 19 0 051 271 729 81 10

0 oo 01 1 0 oo os | 19| [0 est|o i s am | 729 sa |79 9 foa 0

« For finite h, optimal policy 7} depends on how many time steps are left

+« When h — oo, time no longer matters, i.e., there exists a stationary m*
Summary

» AMarkov decision process (S, A, T, R, ) is the mathematical framework for

sequential decision-making and the foundation of reinforcement learning.

« To evaluate a given policy m, we compute state value functions V™ (s) via the

Bellman recursion (finite horizon) or the Bellman equation (infinite horizon).

« To find an optimal policy, we compute Q*(s, a) via the value iteration algorithm,

then act greedily: 7*(s) = arg max, Q*(s, a).

ul21 REINFORCEMENT LEARMANG

n(s) ——{ Policy Evaluation ———v7(s)

Use the definition and sum up expected rewards:

a 7(s) = [T, ¥R (50,7 (1)) | 80 = 8,7

Or, leverage the recursive structure:

@ finite-horizon Bellman recursions

Vi(s) = R(s,m(s)) + 72, T (s,m(s),8) Vi_, ()
& infinite-horizon Bellman equations

Vi(8) = R(s,m(s)) + 722, T (s,7(s),8) VL, (5')

Recall
horizon-h value in state s: the expected
sum of discounted rewards, starting in

state s and following policy 7 for h steps.

G Vi(s) = R(s,m(s)) +v >, T(s,m(s),s) Vi, ()

the immediate reward for (h — 1) horizon future
taking the policy-prescribed value at a next state s’

e O sum of future values weighted by the

probability of reaching that next state s’

discounted by



Unknown transition: Unknown rewards

fuand :
Model-based RL: Learn the MDP tuple | T, R N e
2 R, [N BNV
4 ) 77r N
1. Collect experiences (s, a,r,s") y=09 | AP R

2. Estimate T, R

v v

eg T(6,1,2) ~ eg R(6,1) =
observed (6,1,2 observed reward
total(6,1) play count received from (6, 1)

3. Solve (S, A, T,R, ) via e.g. Value Iteration

RL Algorithms
We'll focus on . J
(tabular) Q-Iearmng ! ~ - } - and to a lesser extent,
Model-Free RL Model-Based RL | touch on fitted Q-learning

: / ' " methods such as DQN
, ¢ \ R .
Direct Policy-Based ‘ Learn the Model Given the Model

A2C / A3C
TRPO

[A non-exhaustive, but useful taxonomy of algorithms in modern RL. Source] »

TABULAR Q-LEARNING:
conce we have Q vaives., We basically have Bveryining We wneed to ger optmal policy
« Indeed, value iteration relies on having full access to R and T
Quew (s,a) < R(s,a) + 7>, T (s,a,s') maxy Qo (5, a)

immediate future value, starting in state s’ and
reward acting optimally for (h — 1) steps

expected future value, weighted by the chance
of landing in that particular future state s’

« Without R and T, how about: execute (s, a), observe r and s, and update:
Quew (8,a) 7+ ymaxy Qo (', a")
target

Quew (8,0) 7+ ymaxy Qo (s, a')

target
Whenever observe (6, 1), -10, 3:

Quew (6, 1) = =10 + v maxy Qg (3,4a')

=-10+09%1=-9.1

Whenever observe (6, 1), -10, 2:

Quew (6, 1) ¢ =10+ ymaxy Quu (2,a')

=-10+0.9%0=—-10

@ Simply committing to the new ' target keeps "washing away" the old belief



0 merge old belief and target

(1-[learning¥ate]) old belief -+ [Iearningratel

target

Quew (5,a) +

(1_.) Qold (570‘) +

& downweigh i

awnd

« Core update rule of Q-learning

. < 7+ ymaxy Qo (slza/) >

2add i old bel’ef

+ a € [0,1] : hyperparameter, trades off how much we trust new evidence versus old belief

« What we saw was a = 1: trust new experience entirely

« Let's see an example using o = 0.7

Quew (5,0) + (1 (@) Qaia (5:0) -+ @@+ 7 maxy Qua (+',a))

« To update a particular Q(s, a), we need experience from actually taking that a in that s.

« If we never try a move, its Q-value never changes.

+ So if we have one play left, which (s, a) should we try?

Depends on

« are we trying to "win" the game, or

« are we trying to get more accurate Q estimates

This is the fundamental dilemma in reinforcement learning... and in life!

Whether to exploit what we've already learned or explore to discover something better.

€ - breeEDY AcTioOn SELECTION STRATEGY:

c Witk probability €. thoos@ action o EA un’formiy @ rancdom

2during 1€2rning, ESP. i Ranriy Stages, Explove and observe d:verse (f.o) consequewces

c with probability (1-€), Cheose BrgmaxaQo!s-a)

#dur:ns

% _in beginning: & bigger (more exploratory),

€ Jrades

Value Iteration(S, A, T, R, v, €)

l.forse S,ac A:

2. Qoa(s,a)=0

3. while True:

4. forscS,ac A:

5. Quew (8,a) < R(s,a) +v3, T (s,a,s") maxy Quq (5, u’)l
6. if max,,|Qula (5,a) — Quew (s,a)| <e:

7. return Quey

8. Qold + Quew

"calculating"

1a2Fer S+39L8S, W c2n ack wmove 5reed:u‘ Wil respect +o currlwni Estmatred Q valwves

but smalec 1a+er  (more grepdy)

off exploration vS. exploiiation

Q-Learning (S, A, v, a, 9, max-iter)

1.i=0
2.forscS,ac A:
3. Qoia(s,a) =0
4.5 s

5. while i < max-iter :

6. I a + select_action(s, Qoua(s, a)) I

7. 7,8 <« execute(a)

8 [ Qun(s,0) + (1~ )Qu(s,a) +alr + 7 maxe Qua(sa)
9. s+ 4§

10. i+ (i+1)

1. Qo ¢ Quew

12. return Quew

"learning" (estimating)



Q-Learning (S, A, v, a, 89, max-iter)

1.i=0
2.forseS,ac A:
3. Qom(s»‘l) =0
4.5 50 and often not practical.
5. while i < max-iter :

6. a < select_action(s, Qou(s, a)) o Three hyperparameters :
7. 7,8 « execute(a)

8. [ Qun(5,0) — (1—2)Qua(s,0) + a(r +7maxy Qua(s', @) |
9. s+

10, i+ (i+1)

1. Qua ¢ Quew

12. return Quey

= discount factor
= learning rate o
= exploration rate €

all between 0 and 1
each controls some trade-off

"learning"

FITTED Q-(LEARNING:
: O 1earning for large/continuous S & A
Qlls.a) w! function

cWe Cant keep 2 fable, muSt approx.

« Notice that the core update rule of Q-learning:
Quen (3.0) + [IQua (s:0) + [ (7 + ymax Qua ()
is equivalent to:
Qe (1) < Qua (5,0) B+ 7m0 Qua(s,)] — Qua ()

e Does this

new belief < old belief + - ( target — old belief )

remind you of something?

¢ Yes! Recall:

Onew < B0l + ‘target — guessy) Vgguess

Gradient update rule when minimizing (target — guess,)?

» Same idea as before — we adjust our belief toward a target.

Quen(,) < [Quasr0) + [ + 7 man Quate' )~ Qua(ssa))

new belief + old belief -+ -( target — old belief )

« Now Qs a function (e.g. a neural network) and 6 are its weights.
« Generalize tabular Q-learning for continuous state/action space:
1. parameterize Qg(s, @)

2. execute (s, a), observe(r, s'), construct the target 7 + v max, Qp (s',a’)

3. regress Qy(s, a) against the target, i.e. update 8 via gradient-descent to minimize

(target — Qo(s,))°

Fitted Q-learning: the training loop

1. Sample experience
interact: observe (s, a,r,s’)

2. Build target
y =1+ ymaxy Qy(s',a')

T l

4. Gradient step
00—Vl

3. Compute loss
£=(y - Qo(s,a))®

Same shape as supervised learning; except the “label” y is built from our own current estimate.
(Bootstrapping.)

+ Remarkably, = can converge to the true Q%

 Once converged, act greedily w.r.t Q* again.

» But convergence can be extremely slow,

1 given that we visit all s, a infinitely often, and
satisfy a decaying condition on the learning rate c.

Qgl(s.a)

Q-1earning is basSically Sowme

gradient olescend

version of



Policy gradients:

1. Parametrize the policy 7 with 6.

hidden layer T = softmax

raw pixels O
2. Run 7y for a while. Keep track of the return.
UP DOWN, uP uP DOWN, DOWN_ g DOWN, UP WIN
DOWN o UP UP. DOWN uP. UP LOSE
uP. uP DOWN o DOWN_ o DOWN DOWN, LOSE
DOWN o UP uP DOWN uP. UP WIN

2o
3. Update 6 so "good" trajectories more likely to happen. Andrel Karoath
ndrej Karpathy |

Made rigorous by the log-derivative trick (REINFORCE). We will skip the derivation.

trajectory drawn under the current policy sum over timesteps

VoJ(0) = Erp, [Z;Vo log mg(az | st) - [R(T) ]
v,

A

push 6 to make the taken action more likely weight by how good the trajectory was

Sample trajectories, observe returns, nudge 6 to make actions in good trajectories more likely.

How Much Information is the Machine Given during Learning?

P> “Pure” Reinforcement Learning (cherry)
P The machine predicts a scalar reward given once in a
while.

» A few bits for some samples

P> Supervised Learning (icing)
P The machine predicts a category or a few numbers
for each input

P Predicting human-supplied data
» 10—10,000 bits per sample

P> Self-Supervised Learning (cake génoise)
» The machine predicts any part of its input for any
observed part.
P Predicts future frames in videos

P Millions of bits per sample

©2019 IEEE Solid-State Circuit 1.1: Deep Learning Hardware: Past, Present, & Future

[Slide Credit: Yann LeCun] g

Summary

« Last week: find good policies in a known MDP (high cumulative expected reward).

« In RL, the transitions and rewards are unknown. We still want a good policy; we get one by
estimating Q.

« Exploration vs. exploitation: choose actions to gain reward while still learning.

« Q-learning converges to Q* (with enough exploration).

« Deep Q-learning extends to large or continuous state spaces by parameterizing Q.



lecture 12| NON-PARAMETRIC MODELS: model doesn+t a3some 2 &ixed functiona) form for N; compiexity grows with da+a

- interpretabitty (intuitive)

. iv\s:ski
.- speed

. ddaptivity

SIMILARITY- BASED METHODS:

k-neares+ neighbor:
icti o cuso training data
prediction ° s o &
on new * Test roint
. 14
data using /
. o / ° . |
k=5 / K
¥ - £ e .
nearest e ;s |
. h \\‘ ,l ’/’ .
neighbor \ . . . Al
. o \ i . .
L &
B \\~~\
4 \\\\
‘e
o |
o ° i
.
*
7 : : :

be CAUTIOUS wwen:
cl2arge n or d (curse of dimensionality)

* mang irreievawnt /noisy Fearures

. Features ow dge. Scales

Training: none. Just memorize the training set.

Predicting: for a new .y, take the majority (class) or mean (regression) label of its
k nearest neighbors.

Parameters learned: the entire training set (its features and labels).
becomes params

Hyperparameters:

« k: number of neighbors considered.
« distance metric (typically Euclidean or Manhattan).

« tie-breaking scheme (typically at random).

K means clustering: Structural discovery wilo l1abels

Per-person loss

Cost for person i to walk to truck j:

[|l=® - #u)”?

Let 3 be the truck person i walks to.

1{y' j} is 1 if assigned, 0 otherwise.

Person i's loss:

’ ) T 1y = j} |2 — w|?




kK-means objective:

cluster membership centroid location

y &
T S 1{y® = 5} @ - u@|*
A A

sum over data points sum over cluster

what we learn

K-MEANS(k, 7, {®}]_))

check wntil
10¢0. Chuw

cluss
+olEror

[ 1 p,y =random initialization (¢gand. 25S'gw)
: . 2 fort=1tor
. [ 3 Yola =Y
o . 4 fori=1ton
5 Y = argmin, ||2@) — p0|°
[ 6 forj=1tok
e 7 W = 571 (0 =) 2
o o 8 if y == Yo
- ST i 9 break
1 10 return u,y

k-means is sensitive to initialization and to k

same data, three different initializations:

same data, two different choices of k:

» ‘e\ 5 »

e Y
/,,/’ :

k-means interpreted as a discrete autoencoder

n :] cluster center:
II m ! @ « not actual data points in MNIST

@ n « learned representation and prototypes

llx = DEEG)II?
x

Tree root node, internal node, leaf, and depth

x25

[ x4 ] [ X6 I

Each internal node carries a split dimension and split value (z; > 6).

Each leaf corresponds to an axis-aligned region; the tree predicts the leaf's value there.




tree- based metnod :

BuildTree(I, k, D) T2
Lif|I] > k
(z(Sl,y(Sl)
2. for each split dim j and split value s
. @40 5
3. set 1j,={ier|al > s} 0
4 set ,={icr|al) <s} 5 @®.4%)
raqin [ 5. Set g, =average ;. y") “ w’l
pred. 6. Set §;, = average ;cr- y@
D a2 i) a2
7. Set Ej, = Ex‘sl;) ("~ g+ Ziel,?. (v~ ) « Choose k = 2
8. Set (j*,s*) =argmin;, E;,
o else « BuildTree({1,2,3};2)
10.  Set § = average ;c; y” e Line 1 true
11.  return Leaf(leave_value=j)
recursion  —» 12 return Node (j°, s, BuildTree (I .., k) ,BuildTree (I;: ., k))
BuildTree(I, k, D) T2
Lif |1] > k
(3) 43
2. foreach split dim j and split value s %)
@y 5
3 set I, ={iel|a) > s} 0
4 set I ={ier|s) <5} 5 @®,y®)
gt = oy
5. Set j;, = average [ * 71
6. Set g, =average y@
= Ly —gt)? P —g7)
7. Set Ej, E’E';v- 9 -35.)" + Z-elﬂ (9 -3;.) « For this fixed
8. Set (j*,s) =argmin;, E;,
e -1, =123}
9. else
10.  Set §=—average sy
11.  return Leaf(leave_value—j)
12. return Node (j°, s°, BuildTree (I ., k) , BuildTree (I} ., k) " Ej,=0
CLASSIFICATION TREE:
Classification
separates the classes
(lowest weighted entropy or most "homogeneous")
pure
most data share the same label
entropy H i= — 33, P,(log, P.) empirical probability
3 :
for example: c iterates over 3 classes & @ M
T2 T2 T2
* €entropy is lower for more pure (less muddy) datre
. e ¥ *
=
* *
* @ *
* = %
* ] . *
* x1 * X1 * 1
- 4 1 1 B 3 3 5 6
Po:x -0 - W - P: x-0e-m P: v 2 o0 m
6 6 ¢ 6 5" ¢ 6 0
H = ~[§1og, (§) + § ogs (§) + §log (3)] H =~ [1ogy (§) + § logy (}) +0] H = ~[}log; (§) +0+0]
(about 1.252) (about 1.1) =0

For classification
BuildTree(I, k, D)

Lif|1] > k

2. foreach split dim j and split value s

. 3. Set 1“—{1'4\1-,";.»}
majority vote ! :

. g4 Set I, ={iel|z} <s
as regional prediction o= {ieria) <o

Set. g, = majority ;cr. ¥

Set. g5, = majority ;cp- 3

set B, =l m)+ Blon ) o

(j*,s") = argmin; , B, ,

weighted average entropy (WAE)

as performance metric

1. return Leaf(leave_valueg)

12. return Node (j°, s*, BuildTree (I;. ., k) , BuildTree (I ., k))




BuildTree(I, k, D)
Lif|I| >k
2. foreach split dim j and split value s

3. Set Ij, = {L erla) > s}

4 Set I, ={ier|al) <s}
5. Set g, = majority ;e y@
6. Set §j;,, = majority er, y
7. set By =l )+
8 Set (s = argmin,, By,

9. else
10.  Set § = majority ;er y@

return Leaf(leave_value=g)

H (L)

L2

E.:

Jis

it

758

fraction of points to

§1 1)+ )

N

fraction of points to

12. return Node (j*, 5%, BuildTree (I;. ., k) , BuildTree (I}, .., k)) the left of the split the right of the split
Bagging =
Bootstrap aggregating Training data Dy,

(), y0)

5O

‘ for regression, average; for classification, vote ‘

iilbag (z)

Summary

» Non-parametric models let the data define structure, with few assumptions about

functional form.

« k-Nearest Neighbors: predict using nearby training points under a chosen distance metric.

« k-Means: unsupervised grouping by distance, sensitive to initialization and the choice of k.

« Decision Trees: recursively split data into interpretable, flow-chart-like rules.

« Ensembles: combine many simple models so their votes become stronger, more stable

predictors.




