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Xid .
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* DlwdySsS check shapes
UsSeful +o colculdte individuadl components of derivative Sometimes +hen combine +hem
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6.390 Introduction to Machine Learning
Recitation Topic: Intro to ML

We will begin our machine learning adventures by investigating the supervised learning
problem known as regression. We are given a training data set Dy = {(z®@, y@)}7; of
n pairs containing a feature vector x € R? and a label y € R. Our goal will be to learn a
model that takes a new feature vector and produces an accurate corresponding label.

The first hypothesis class that we will consider is the class of linear regressors, which take
the form:

h(z;601,...,04,00) = 6121 + 0220 + - - - 0420 + bo.

1. What do x1, 29, ..., x4 represent? What are 61,6,,...,60,;7 Finally, what is 6,7

X'S = fea+ure vector
O's: weighs
B0 = bias (y-int)

2. Let’s consider how to represent the hypothesis h above in a more compact form. Define
columns vectors Taug, Gang € R4+ such that,

QT Laug = 91.’131 = 92.’B2 S 00 ¢ Hda:d —+ 90,

aug

where the “aug” denotes that 6,z have been augmented.

ed

(-1
[ ][x,...&,\,;] =2 &%, +... + O Xk + O
Bo

3. In order to evaluate a hypothesis h, we would like to consider the squared error loss
function between the “guess”, g = h(z;0,60y), and the actual label y:

L(g,a) = (g —a)*.

Then, we can consider the mean squared error between over all n of the pairs in our
training data set:

n

1 . .
E . (h)=— 0T 20 1 g (D)2
traln( ) - Z( x ar 0 ) )
=1
Let’s see how we can vectorize this function into a convenient form for numerical com-
putation.



(a) As a warm up, consider a vector v = [vy,vs,...,v,] . Expand v"v into a finite sum

form.

V.
VT\':LV""VWJ[\}'\] = V-"+ V3_24-...+Vu\2

(b) Let’s find a v such that our mean squared error term can be expressed as Eyain(h) =

1T
mn

90’ 2%3:.\::\—;(9?":‘90"5: e

v. Specifically, what is v;, the ith element of v? You may use z®, y® 6, and

Ox =y

Viz ©:;TX; + 0o -4’
A x offset b

4. 'We define matrices

S Feaiore
v o edtures
' Ts: 1)*

24--3: h:?’z (87xi + 00-4 )

" =y — ciby | y(l)
prediciion 22ctuad)
valve City 2 y(2)
aug — 7Y = . )
y(n)

i.e., each row of X, Y each correspond to an (augmented feature vector, label) pair from

our training data set.

%7 (a) What are the shapes of X, and Y7

X;os Shap=wnNx 2 wnx(d+1)

Y swape=wnx|

(b) Redefine v in terms of X,,, Y, and Oyy,.

(A+1)

)
wx2 2] nxi

V: X°°3 9&3 o shape: vx)
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Let’s put everything together: write

n

1 . |
gtrain(h> = — Z(QT;E@) + 90 _ y(z))2

n-<
=1

in its vectorized form.

Ixwn x|

Sirain (W) = i\(xauseauj -V )1— (Xauseauj -v)

5. Let’s see our loss function in action! Consider the following dlata set where d = 1:

v
[
= &

—_
™Me2an  squared evcor

[BTx: +©0-4i )

(a) Suppose that we have the hypothesis hy(z) = 2z. Compute the error on this data

set using the finite sum form.

ervors '5[(3-1)‘40\‘ +(0)? # (12-6)2 4+ (8-617)

sg[1e224e2]): “?'

<€Z (b) Now, define X,ug, Y, Oane and compute the training error using the vectorized form.

eaus: [:1‘:-":\*20 ]

Iz. L]
3
Xaus’(g ]

e O0swW

\laus-' {
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(c) Let’s consider a different hypothesis, ho(z) = o + 2. Compute the error on the
training data set, using the vectorized form.

Wix)=x+2 /s be++er Fo4

X+2 Wil be LOWER MSE (be++er £+; smaller @rcors)

6. Before closing our first recitation, let’s refresh multi-variable calculus. It is important

to check the shapes of matrices and vectors when computing complicated derivatives

Throughout, we use denominator layout: If ¢ € R" and b € R™, then

X (8),= 50

It might be helpful to refer to the notes Appendix A.

(a) As a warm-up, let’s practice taking derivatives of scalar functions with respect to
vectors. Consider the scalar function f() = 62 + 30, + 5 where § = [0;,0,]" € R>.

What is % using denominator layout? 2x1
2t
3:__ 53- 26, £:8¢213r funchon (one oul-Pu#)
9 " |ac [} 3
m:z 362

(b) Let’s now compute the derivative of a bit more complicated thing. Consider the
mean squared error in matrix form.

1 T(o): w(X0-¥)T(xe-v)
J@O)==(X0-Y)" (X0 -Y).
n

Let f(0) = X6. What is % using denominator layout?

X is nxel, © iS x| 2answer: dxl X0 = ©:x;,+0:1%X52 +... +Oa Xjd
& -1

20:° Xi — 38 X

X w! rows/cols dxn  Axn

Smapplal

(¢) Now compute the gradient of J(#) with respect to 6, i.e., VyJ(6). Hint: use the

multivariate chain rule:

_9J  owdJ

90 90 v

Note that the order of the terms in the multiplication matters, since matrix
multiplication is not commutative.

Vo J(6)
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V= XO-Y

I:nwvTv

83 _3v a3y
WUt var. Chain rull: Up3(0) =96 -~ 96 3av
av
— = T
30 * X
VTV

v 2(vi va - va)T =2y

Page 5




9(Ax)
212 | mabrix moldd X3

= AT (rec 2, G0b)

28 _ 3w 89 e matiers

chain roull:

LV v (1Y
2L

dot prod: 3x  ox 13

128t +¥ime: Gc

T(0): wixe-v)T(xe-Y) + aneu?

T =-1x) llessis scalar)

O = dx\

ey .
FY-) = dxl !

residuals 23
fEsiduals 22, 3 33 _ 2
v Xe-Y, T=ivTv, veTle): 36 - a8 sv - w X' (x®-V)

vV _axe) _ avy

° 58 36 = XT-0=xT

Ve
a—""='_3(\1"")_[‘:"']. [ ] R 3lvTv) _
v w v T laval T2l B2V VTUz V24 ... +Va?, S0 BV - 2V
NOwW

enz=02+... + 0= 87

9(eTe)
26 -2

(aanenz)

) =220

23 _ 2
0 - wXT(xe-Y)+2%8

d recall XTX is dAxed mabrix 8 X is wixd madecx

XTX inveri:ble €> rank(xTx)zod ¢ rank(x)sd € N2k € cols of x are linearly independert
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6.390 Introduction to Machine Learning

Recitation Topic: Regularization and Cross-validation

We are given a training data set and construct our data matrix X € R™*? and our vector
of labels Y € R™. For convenience, we will assume that our data is centered such that an

offset 6y is unnecessary.
Recall that we can learn linear regressors by finding the set of parameters # € R that

minimize the following objective function:

J1(6) = %(X@ _Y)T(X0-Y),

which is the mean squared error between the predicted labels X6 and the true labels Y
Recall also that we can compute the gradient of this objective function as:

VoJ(0) = %XT(XQ -Y).

Let’s investigate how we can directly compute 68* = arg mingcga J(0).

1. First, we arrive at the closed-form solution by setting the gradient equal to 0—a vector
of all 0’s—and solving for 6:

0 = (XTX)'XTy.

It is noteworthy that this closed-form solution assumes that we can take an inverse of
a matrix. Let’s look a small example to see when this may be problematic. Suppose
that we are given the following data matrix with n = 4 feature vectors, each with d = 2

features, and the corresponding n = 4 labels:

-2 —4 —2
=1 =2 =1

Xl - 1 9 ) }/1 - 1 )
2 4 2

(a) What would happen if we tried to compute (X7 X;)~'?

2 -1 V2
XiTz -4 -2 2 4

-2 -4
=2 -1 1 2 [',' ‘:] - zo]  wis is Nnearly dependent,
XIxz|-4 -2 2 u 2y 20 Ho . NOT invertible




(Copied from previous page for your convenience.)

-2 —4 =2
-1 =2 —1

Xl - 1 2 I }/1 - 1 )
2 4 2

(b) Consider a slightly different data matrix, X5, and another set of labels, Ys:

—2 - —4.00006 —1.8
—1 —2.00004 —1.2
Xr= 1 2.00004 |’ Yo= 1.2
2 4.00006 1.8

Note that Y; and Y, are very similar. The following is the result of computing
91 = (X2TX2>_1X31Y1 and 92 = (Xng)_ngYé
1.0039 x 10° —6.0316 x 10° . .
— — rqa2nic
1 {—2.9297 x 10—3} b { 3.0158 x 10° } — 3

What do you observe about the differences between the 6, and 65 derived from the
analytic solution? Is this concerning, and why?

svastly different magunirodes olespite Vi & Y2  being ciose to eack other

. T . . : .
XTX close +o no} be.v\s invert ple ciose o being

/ depevident (1:in. munl.)
D when XTx iS neariy wnwot iavertcble, rwhece 278 many Soins +hat 4 +he data

2lmost €quaily well. OLS choosSes & high Sloping Owne.

(c) Consider the linear regressor hypothesis using the parameters 6. What is the
predicted label for the input feature vector [1,2]7? How about [1.01,2.03]?

C [n2]T 12bel is 20 whie @ [1.01,2.0377 i4's Souper high.

1. Ot

[Iz]-ez A0 but z.os]az 9ers soper hign'
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2. Now, let’s see how regularization can help us learn a set of parameters that are hopefully
more generalizable. Recall from the course notes that,

e = (X7 X + 0 XTY,

ridge
is the closed for solution to the ridge regression objective function,

1

n

pewnalizes large

J(O)siage = — (X0 =Y)" (X0 —Y) + A|0]>. 7 Sicpes
Let’s compare the learned parameters using data matrix X, and labels Y; then Y5 choos-
ing A = 0.4

0.1996

03 = (X3 Xo+nA)'X]Y) = {o 3092

} ;0= (X3 Xo+nA) XS Yy = [0'1916} :

0.3832

(a) What is the predicted label when using the hypotheses defined by 63 and 64 for the
input feature vector [1,2]7? How about [1.01,2.03]?

\ [o.mﬁe ‘] 1.o1 0.1996
63 | 2 ‘Lo.3992 s 0.949g¢ nd [2.03 '[o. 3qqz] = 1oy # notr 2 big change

' ©.1996 [l.ot] [O.Mtw (low sensitivity)
O4- [z-) [0.5831 s 0.996 -» 2.03 |" Lo.3832 : o.qg good!

(b) What would you expect to happen to the magnitude of the learned parameters if a
larger choice of A was used?

scloser +o hor'zonial line (slope closer 4o O)

(¢) Consider the effect of extreme values of A. What behavior would you expect when
X is very small (close to 0)? What about when X is very large (e.g., A = 10%)?

XN very Sm2ll: Slope close +o O, OLS objective
A large: ©X 0, predicting 2 constani (+ne mean)
»>21011? dominates the loss, So it'Il push large Siopes (6) +toward O

generally wot sooA +o odle.
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@ 3. We have seen how ridge regression introduces the hyperparameter A to control the mag-
nitude of the learned parameters. But how should we evaluate and choose X in practice?

One common approach is cross-validation.

Suppose we have access to a dataset D. Also suppose that there is a dataset called Dyqg
that we can use to check the performance of our hypothesis but don’t have access to
during training or validation. For each candidate A\, we perform the following procedure:

1.
2

3.
4.
D.

Divide D into k chunks Dy, ..., D;.

For each candidate value of X:

(a) Fori=1tok:
i. Train a ridge regressor h; using D\ D; (i.e., all training folds except D;)
ii. Compute the chunk-i validation error E;(h;) on D;.

(b) Compute the average validation error E) :=777.

Choose \* with the smallest F.
Retrain a final model A* using all of D.

Evaluate h* on Dieg.

(a) Complete 3 (b) by writing a formula for E,?

K
Eacz "K“:‘E:(h:) Io.lo;lb;loqiﬁxl

gvat(A)= (i +...+ &)/ tr2in on D250s, test on D.

generang, k=§

Do you use regularization or no regularization in step 4?7 Explain your reasoning?

o —reguiarieah: o

YES reqularigation blc we're Salv.‘v\s for A%

(c) What benefit does cross-validation provide compared to using a single validation

split?

¢« more validation checkS +hat 2all Suppert e2ch other
2veraqing lers vs creduce no'se in our validation MSE

e gives usS sewnse of spread/vaciance
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2/1a, ML REcAP:
') OATA: icaining samples  1(xU', 40) 37,
2) HYPOTHESIS (moder): Iinear regression (hi(x;0)=Ox)
3) OBTECTIVE FuaTion ((0SS): @valuating model performance
-OROINARY LEAST SQUARES: Minimiding Som of squares

- RIDGE REGULARIZATON : adding penalty term (ANION?) o averd overfitting & handle wulticollinear by

ANALYTICAL soin: setr vT(0)=0
Cult Ik, invert'ple
ol renE.

OLs: (xTx) ™' xT Redge (XTx +ar)-rxTy

GRADIENT DESCENT

B** =0 _pvflet)

{ \
R Steepes+ olireCtion
(downhill blc - )



1.

6.390 Introduction to Machine Learning

Recitation Topic: Gradient Descent

Given a training dataset with 3 data points having 1-dimensional features:

Durain = {(z,yV), (@, y), (2@, 5P} = {(1,3),(2,5), (3,7)}

We aim to learn a linear regressor h(z;0) = fz (no offset term) to minimize the MSE
J(#). We were able to show that the optimal 6* = & using the closed-form solution. In
this part, we focus on understanding the behavior of gradient descent instead.

We first try gradient descent (GD), with initial parameter § = 0, a constant learning
rate 7 > 0 and we run it for 3 iterations. Which of the following could be a possible plot
for this GD run?

Hint: Focus on conceptual reasoning. x "'z x*-murlxx)
0L Plot A 6:0.00 = 2.10 = 2.70 — 2.91 30 Plot B 6:0.00 — 1.13 — 1.74 — 2.06
0 0[O\ |
=
10 10} |
O 0.5 1 15 2 25 3 % 0.5 1 15 2 25 3
0 0
30 \ (Plot C 0:0.00 — 0.09  0.18 — 0.27) 30 (Plot D 0:0.00 = 0.18 — 0.37 — 0.57)
20— pap—— | 20 \\ .
= onform < . N
£ ‘ (not possible) = Slope is incr. here
0} 1 10} 1
O Il Il Il T — | _ O Il Il Il T — |
0 05 1 15 2 25 3 0 0.5 1 15 2 25 3
0 0

OPlot A @ Plot B (O Plot C (O Plot D
Brief explanation:

3S we step towards +he goal, the Slope gets less steep (-‘fzper:ns
OF€”) . +ypically We don't see (onstant or incr. rate of © €or good

GD runs.




2. Anh is using standard gradient descent iterations
gD = 2B — v f () (k=0,1,2,...)

on a variety of functions f.

(a) First, Anh applies gradient descent to a piecewise-linear function f: R — R with
the (partial) graph shown on the figure below:

6 T T T T

55 -

45 -

IS
T
1

values of f(x)
od
(&)
T
I

&Staet

w
T

25 =

3.5

b
-o.5

1 | I 1 (s<3 |
0 1 2 3 4 5 6
values of x

@At points * = 2 and x = 4, Anh uses Vf(2) = —0.5 and Vf(4) = 0.

i. Starting from the initial guess (%) = 5, and using step size = 1, what will be
the values of 2, £®_ and z(®?

INITIAL: X®°=S
v(:(S)

X'=s-1(2)=3

x2=3-1(-0.5) = 3.5

x3:23.§-1(-0.8) = 4
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w

ii. Anh discovers that, starting with z(®) = 1, there are many values of 7 > 0 for
which the gradient descent iterations produce oscillations of period 2 within
the range (0,6) (i.e., 2**2 = 2® € (0,6) for all k = 0,1,2,...). Find all such

values of 7.

X ¥ 2 x Ko oF (xF) Starting wil  X°=i:

X¥*2 =% Bt lng £(x*H) VERNI=-VE(xC)z+2 €X' in [4.6)
XK =x® _ o f(x<) - NOF[xk+1) Uex'sx® - anvFlx)<b

S v f(xk+') - - gf(xk) coscination? UCI+21N <€ = 1S<M<cesS

(b) After mastering one-dimensional optimization, Anh applies gradient descent to a
smooth function f : R?* — R, with n = 0.1, resulting in the sequence of points
O =4,z =B, 2% =, ¥ =z® = D shown on the plot below:

6 4

55 1

5

i. Find V (@), Vf(@D), Vf(@?), and Vf(z®).

X% o xFo of(x%)
Ve (x¥) = 7 (xR -xF*1)

vf(x°) = |D(x°-%x') =10. [;-§]=[:;:]
€ (%) = (o(x!'-x2)= 1o [ :'.i] =[:]
vf(x?)= |o(%;-x;\:|o-[::i] s [".2_]

ef(x3)=[23] &« bic X3z Xy
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@ ii. Is this statement true or false: “given the information provided, the point D
must be a global minimum of function f”?7 Briefly justify your choice.

A, True.  B. False.

Justification:
Covld bl A 106C2\ min/max ov Saddle pi.

3. In this problem, we consider two simple data sets, each consisting of one-dimensional
features and labels. Our goal is to learn a linear regressor h(z;6) = 6z by minimizing
the mean squared error (MSE).

(a) First, consider a trivial data set made of a single data point with feature z = 2 and
label y = 4. The objective is to minimize

:](6) = (26 — 4)2 SO 2 D=2 wminTmizes

The plots below show the behavior of running gradient descent (GD) in order to
minimize this objective function. We initialize GD with €1 = 1, and run the
algorithm for two iterations. The first iteration uses learning rate 7, and the
second iteration 7,. The numbers labeled on the plot indicate the value of § at each
iteration.

350 =700
300 | |

©=1: 3U)=4
©:5: 3(s) =36

250 &7 T(-7)=-162

w
o
T

—-10 =8

XEH = x¥_ oI (x*)

T(®Y= (20-4)% » v3(e) =u(206-4)

(St iter: S=1-m.L4(2-9]
4z-1,(-8) » »m, = o-¢

2nd ter: -72= S-7Ma [H(10-494))
“2:-m,-25y Page4

"2 0.5



@ i. Which statement about the learning rates 7, and 7 is true?
@ n=mn

O -m>ne

O m <n

(O not enough information to tell

(b) Now, consider the slightly more interesting training data set, consisting of 3 data
points: o
Dirain = {(I(z)v y(l)) 13:1 = (17 4)7 (27 5)7 (47 7)}

0]

)
IS RIS I NIEN
[
)
|

and the objective is to minimize, again, the MSE:

_1
-3
= % (216* — 846 + 90)

= 76% — 280 + 30. =o

J(0) [(9 )24 (20— 5)2 4 (460 — 7)2]

JI'(8)= 148 -28
inid B =y

Onew: H4H-0.02(28) =|3.4y4 vT(4):=28
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@ i. Consider running gradient descent (GD) to learn . We initialize GD with
Oinitial = 4 and use a fixed learning rate of n = 0.02. After just one iteration
of the GD update, which of the following is a possible value for the resulting
updated parameter 6,7 Briefly justify your answer.

O Onew =4

O Opow = 3.76
@ ... = 3.44
O Opew = 2.56
O Operw = 0.88

Brief justification:

(O Not enough information to determine any possible value of 0,cy.

J(e)= 149 - 28
nik © =y

Onew:= 4-0.02(28) =|3.4y vT(4):=28

ii. Consider running stochastic gradient descent (SGD) to learn 6. We initialize

SGD with 6,11 = 4 and use a fixed learning rate of n = 0.02. After just one
iteration of the GD update, which of the following is a possible value for the
resulting updated parameter 6,7 Briefly justify your answer.

@ Ouew =4

@ Onew = 3.76
O Opow = 3.44
© Opow = 2.56
O Opew = 0.88

Brief justification:

Sq ecr. L(O): lnj- ox): o vLlp=-2(yYy-0x) %

Binitz4  Onew =Bold- N 9T (Ocid)

for (X, 4)z(2,5): On=u-0.02[-2(s-4-2).2)=3.76
(Ly): Own=y-0.02[-2(4-u-1)1.1)= 4
(4,7 Bw =4-0.02[-2(7-4-4)-4= 2.56

(O Not enough information to determine any possible value of 0,y
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O[OTx +Oe) 0.5 & OTx+ 6o

20

- i ‘ = l

logistic
regression

—) Oubo ot

S6D

Whe

teve l2be) =1

+roe 12021=0:

€2

MINIMIZE NLL = MAXIMIZE CONFIDEANCE 1A (ORRECT CLASS

NLL LoSS:  Lanlg,4)= -[yloglg) + (1=yVleglt-q)}

-log(g) = -1og (confidence in correct hater)

EACH (CLASS Own weignhts:

©: [é.' e‘-" 9:3-]

220Tx= |
L o;v-

> weignts for cltass 3

re -softmax Score

MOULTICLASS:
['9"‘ oTx 2
- 027~ : 2
2z 0Tx = : x=| =] : [N ss
L—oy-1 L Ok T




6.390 Introduction to Machine Learning

Recitation Topic: Linear Classifiers

1. Recall that a linear logistic classifier is characterized by
h(z;0,60) = (6 x + 6,),
where o(-) is the standard sigmoid function, o(z) = 1/(1 + exp(—=z)). Define the argu-

ment of the sigmoid function in A(:) to be z = 8Tz + 6.

The plot below has two linear hypotheses with equal magnitudes of 6. Their direction
normals point in the direction of positive classification. Each of the four data points is
labeled as positive (+) or negative (—).

T2
N
A 5
AY
+
Y -l
? . e
S .I. > b | 4
B \'\. A N P ‘
s ~
~ <
decision TS J N 1 +
bound2ary — \'\,\ 1 N 3
t=° '\,\. ~
(soele) RN
\2:‘ g
NS
Ay \'\
N Tl
N \.\.
N N,
N S
—_— . "~
N Seo
| N - '~ | xl
4 -3 -2 -1 1 2« 3 4
AY
N
—]— ~
Y

(a) Which of the following could be possible 8, 6, values for the hyperplane described

by model B?

) 2: OTx+ 0o G =0, X3:=22
A 6= , 00 =8 nYPerpPIaNnes Sit @ O Splitting +/-

_4 Xy -2 X2 < 3

L 0:=[6 827 x + O \_/

S 00 = _8 Plog into eg yarown

-t
* O vecror points i+ olicection

1
2
©-| ——
6 = NE Oy = —4 (cacefuitt) - verify dicechon.
4
2




2z OTx+ Do @G Xi=D, X2 22
o0:=[6.©2) x + O \_j:-:_ X223
Plug inro G uation

*-é vector points it + dicection (carefuitt) verify directio mn.,

(b) What value of z does model B assign to the point (2, 3)7 What is the numerical
probability outputted by the classifier?

97(2,3) o
2=[1 2R -y =8-u=y
]
o(u)= jeen - 0.8

(=>(c) Recall that NLL loss is defined as £ = — (¥ 1og g + (1 =y log (1 — 7))
Which model has lower loss on the four data points and why?

= model B wil have higher confidences & thus lower AL
intuition: USSR distance from dec’sion boundary 2SS proxy For confidence

SOole Small blc ciose +o decsion boundary

Page 2




2. Now, we would like to analyze a multiclass linear logistic classifier with K = 3 classes.
For this part of the problem, we are still working with only 2 input features (x1, z3), but
we choose to fold y into the # matrix by adding a row to the bottom of the # matrix
representing the 6y’s and we add a 1 to the end of each x column vector. So, in this
framing, let = be a data point, z = [z1,79,1]T. Our  will be a 3 x 3 matrix and let
z =0Tz be a 3 x 1 vector with z = [21, 2, 23]7. Then, the output of the model will be
defined as,

oxp(z1)/ Yo,y exp(z)
g = softmax(2) = |exp(z2)/ 327, exp(z;)
exp(23)/ Doy exp(2i)

Recall that the vector g represents the probability assigned to each of the three classes,
and the class prediction is then made from the largest element of g.

(a) Suppose that we have a model defined by the following matrix:

9:

o D =
S = O
— = O

Consider the data point z = [1,=1,1]7. Compute z = ¢7z and determine which

class will be assigned to .
s X Will b@ 2SSigned +o class 1

1 © O ] ] e' e e°
2|9 S LV ITLE] = 9= seramax(ay- (e'q-e"‘e" erseleeo e‘+e".e°) 2 (o.ces2, 000 0.2l4un)

blc SofFMm2ax /S monotonicd highest +erm before Sefimax will be weigned more (max log:t)
(b) Examine the classification problem represented by the graph below, where points

are labeled with their class: 1,2. or 3. Also given below is a model represented by

the matrix 6 (note that this is € and so the first column represents 6;, 6, and 6y
for class 1).

1 = —3
A . 2 X2 3
~ 1
P P Ay Ay Ay o Y
4 Z o C\2ss
[} 2 ?
Z < D D D D e‘ ez e°
- -1 0 1
[3 [3
T 1 0= 0 0O
Ty
-3 00

P P
P P

g lx)=-1x+0Ox2-3
4L 4 ! C\aS8SiFication

9a(x)V= O oepends ow X,!
P4 P4

Qa(x)= o,
~ P4
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@ Does the provided model defined by 6 perfectly separate the data as desired in the
graph above? Explain.

[_.'] €128S | (based on graph)
2=Llo ) = leqit = | =%:13 iS 12rq@S+ when =X,-320 -9 X;$-3
[-; b3 .03][:'] -["‘:;3 e -%.-3 > X: (4rue ¢ X E3)
2=l o o I w,
2SS 3: WWen X.20, CIass 2: -3£x2% O perfect cl1assiftation 2ccuracyt

(c) Examine the classification problem represented by the graph below, where points
are labelled with their class: 1,2, or 3. Also given below is a model represented by
the matrix § (note that this is @ and so the first column represents 6y, 65, and 6,
for class 1).

T2

4 L 4 4z

4L L4 4 o
Z Z Z Z Z e' @z 93
u 4L 4 4L 4z 0 1 —1

< < A A r-4 & P4 P4 i
. 5 . o=1-10 0
000

Does the provided model defined by 6 perfectly separate the data as desired in the
graph above? Explain. It may be helpful to plot the separator in|3D on Desmos.
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3. For each of the following, determine if the statement is true or false and justify your
reasoning.

(a) If we take any linearly separable data set and add a new feature, it is still guaranteed
to be linearly separable.

. True O Falge ©'¢: 2:©:xut... + Bolxd
NeW: 2:0:X1 +... + BolXol + Optsi Xk +)

Can ko evergthing or’ginal model can do & wmore!

(b) If we take any linearly separable data set and remove a feature, it is still guaranteed
to be linearly separable.

O True @ False

20 - \0o
N

eSS express:vity

c) If we take any data set that is not linearly separable and remove a feature, it is still
Y
guaranteed to not be linearly separable.

@ True (O False

remove feature = 18SS Expressive

(d) If we take any data set that is not linearly separable and remove a data point, it is
still guaranteed to not be linearly separable.

O True @ False

U

sep. Seperavie:
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4. This problem explores the relationship between binary and multi-class classification, and
shows how the multi-class formulation reduces to the binary one when K = 2.

Consider a one-hot-K classifier where the input is # € R? and the parameters are
6 € R™>K_ Let 0, denote the kth column. The logits are computed as

2 = Oy,
and the softmax probabilities are
ezk molti-class:
Py = ——. Kk probabiities (for k classes)
Zl‘il e 4 but we oniy need k-l to deduce (ble we
= can dedoce 125+ probabiity)

@(a) How many independent values are needed to specify a probability distribution over
K classes?” How many outputs does softmax actually produce? Why do you think
this discrepancy exists? Does binary classification encounter the same issue?

K-1 deqre€s of (ceedom

softmax: gives 3ll K outpurs of probabiliiies & we ontly need k- (bur overspecfying
daesn‘t matrier)
binary: ontly outputs O (2) = probabiiity of class 2

< (b) Now consider K = 2 with a dataset of n examples: x; € R fori =1,...,n. Suppose
you train both a binary classifier (producing parameter § € R?) and a multi-class
classifier (producing parameters 6, 0, € R?) on this same dataset. Assume that the
training converges to the global optimum in both cases.

Show how the binary parameter ¢ relates to the multi-class parameters 61 and 6s.

Note that in the multi-class setting, the classes are generally expressed as class 1
and class 2. In the binary setup, the classes are generally written as 0 and 1. For
this problem, assume that class 2 in the multi-class setting corresponds to class 0
in the binary one.

Hint: Start by writing the expression for p; in the multi-class setting. Can you
rewrite it to match the form p = o(2) from binary classification? What relationship
does this reveal between the logits z, 21, and 2,7 How can you use this to derive a
relationship between 6, #;, and 657
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PrCeiass 1) = Pr[ciass 1]

molticlaSs binary
e _ )
e'n*etg - |.,e'3
—
1+ et T T > 2.-2272 €9 O.Tx- ©3Tx =0 Tx

(e.-e:.)"x S OTx = ©.:1-62-0

(c) Finally, show that the softmax cross-entropy loss (negative log-likelihood multiclass)

reduces to binary cross-entropy (negative log-likelihood) when K = 2. Specifically,
prove that

2

R W
=72 Uklog Dk
k=1

simplifies to

L=—[yloga(z)+ (1 —y)log(l —a(2))],

where y and z are appropriately defined.

K
',Z:' Skleg(gr) = - (04O +... + loglg:) +o... ) z-loqlg;) =-1og [tonfidence in correct class
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6.390 Introduction to Machine Learning

Recitation Topic: Features and Neural Networks

1. Consider the following data set:

2

4 v T x1
/ \ x (e]l]
¢ \
1 0 x_ x|
S | & comnTOUR
= LINES
-1 x. % o
x ’
° ]
25 T1 0 1 2
L1
Assume that (M, ... 2™ are the feature vectors for the points shown on the figure

and yM, ... y™ are the corresponding labels (for example, y® = 1 for the “x” points,
y' = 0 for the “o” points). By inspection, we can see that this training data set is not
linearly separable.

We would like to design non-linear transformations such that the training data set be-
comes linearly separable.

. . . 2 .
1 . 9 — .
(a) Consider the feature transformation ¢; : R* — R defined as ¢, (1, 22) = x129. On

the line below, plot where the original data points map to in the transformed space.
g . T 5

8 &31 XX
—3 =2 —1i 0 i 2 3

0 «— 1-->O

+ (b) Define a hypothesis hi(z;0,0y) = o(0¢1(x) + 6y) that achieves 100% training accu-
racy.

©=1, =0
n(x;08,00)z0(®ilx)) = o(xx2)

X> 0= \2bC! 2
O<0 - 12pbel ©




¥¢ (c) Suppose we fix the weight parameter § = 1 for our hypothesis hi(z;0,6,) =
o(0¢1(x) 4+ 6y). Based on the data points shown in the figure, what is the valid
range of values for y that results in 100% training accuracy? Justify your answer.

“1¢ B0 ¢l based on the 92p b/+ +he differentiy labelied data pis
1
hix; O, &) = a-(e'tb.(x)-b Bo) = o (D.(x)+ 6O0)
‘“———§¢.(x)+ee>| for red
D (%) +Bo <l for piue

(d) Assume we use the weight § = 1 and the offset 6y = 0 in our hypothesis. On the
plot below, shade the regions that would be labeled 1 by the hypothesis h;.

2 ‘ j—— W (% 1,0Y= 0 (& (%))
o :
hlx;1,0)z o lx.x2)
1t (o] (o] x x
(«1) red: O(x.X2)>0.8
g0
-1 x x o
% o

(e) Consider a new transformation ¢, : R* — R defined as ¢(x) = a3 + 2009 + 5.
Will the training data set transformed by ¢o be linearly separable?  (x.+x2)?

W (%x:0,00)= 0 (0®(x)+00) = o (O(x242x,%x2+X%22)+BO0)
L

(%, +x2)*

!
Q %
5] x
- X-3 % X
—l gy x X s & His iS line2rly sSeperable!
° v 2 3 4 S 6

ex. B=1, Boz=+2
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£2(R2(F ' (Wixiswixa +128)) + W)
@ na(x): 0 (Bd2(x)+ ©2)

B oz-wd

e:wt
o:¢f?
(f) Consider the following computation graph:
Da(x)=(x, + x2)* W(x)s O (BT (x\+ Bo)
I . 11 5 I
T Wo wo
wi

= h(z; {wi, w3, w§, w? wi})

Write out the definition of the hypothesis visualized in the graph given above. Then,

determine activation functions f!, f* and weights such that ho(z) = o (0da(x) + ),
where ¢o(z) is the same transformation from part (e).

9= gz(w"«"(x,w‘. + x2W2 + W) +wi)

D2 )zx2 +2x.%3 + xF = (x,+x2)?
fi:=0 £.(x)=x2
Ww2=0 W,z

Wo =0
wi:=g, Wa'z \

coeff. For ISt Feature in (St la4er
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(g) Consider a new, related dataset shown below. Do the feature transformations you
found previously linearly separate this dataset? If not, find a new feature transfor-
mation @3 : R? — R such that the dataset is linearly separable using this feature.

x1
%X %X
1F o i
o o
g o0F x o o x -
o [¢]
—1F o -
%X %X
—21 x J
= 1 0 I )
Zy

NO! doesn't work,

¢3 = Ix, 1+1%2), or J’h‘“‘":"

NOTES: lnear regression X 9 X.aug IS 2i1s0 2 feature transformation!
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superscript (124er)

w dimension

2. Suppose you are tasked with training a model to perform regression on a training data
set Dipain = {(x@, y)},, where 20 € R® y@ € R for alli = 1,...,n. As it turns out,
linear hypotheses are not yleldmg sufficient results. Therefore, you would like to learn a
feature transformation.

@a) Draw a computation graph which meets the following specifications:

e The first layer contains 3 neurons with ReLLU activation functions.

e The output layer contains a single neuron with the identity activation function.

Recall that weights in neural networks are represented as wf%m, corresponding to the

weight in the [*" layer going from the n* input neuron to the m‘* output neuron.
We represent the input to the [ layer’s activation function as z' and the output of

this activation function as a'.

124er 1 \ayer 2

@(b) Write out the function that defines the hypothesis from the previous part. In
particular,

e The pre-activation of the first layer, zl

weights 17! Wo
e The post-activation of the first layer a , is a function of z

is a function of the input z and the

e The pre-activation at the output, z ,is a functlon of a at and the weights W2, W¢.

2 is a function of 22.

e The output g =a

W, Wiz w3 H"‘,”
W's 'N:..- C. Woez| Moz
L — o3

272 (W) %+ Wb

o'z ReLu(?'")
222 (W) Ta' +wd

q = £2(2?)
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@ (c) Suppose that all of the weights and biases are initialized to 1. Consider a new
data point (z,y) = ([1,2,3]7,10). For the forward pass, what is the “guess,” g =
h([1,2,3]7)? How does the guess compare to the actual label?

e[ VE]- [0 13
o'z Retu(-) = [74]

22=[1 \j[?,'] +1 =22

3:7_2

Additional Resource: To better understand neural networks, feature transformations,
and decision boundaries discussed in this recitation, we recommend exploring the TensorFlow
Playground at https://playground.tensorflow.org. This interactive visualization tool
allows you to:

e Experiment with different feature transformations (similar to ¢; and ¢ from Problem

1)

e Visualize how neural networks with various architectures learn to separate non-linearly
separable data

e Observe how different activation functions (ReLU, sigmoid, etc.) affect the decision
boundaries
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6.390 Introduction to Machine Learning

Recitation Topic: Neural Networks and Convolutional Neural Networks

1. Consider a dataset D,, = {(2@,y®)}? | with (input) feature vectors z® € R and

)

(output) labels ¥ € R™ for all i =1, ,n. does NOT coarat

We construct a neural network. All of the activation functions (f*, f2, f3, f*) are ReLUs o+~
(applied element-wise).
;

1 1 2 2 3 3 4 4
Xz Wl Z fl A WQ A f2 A W3 Z f3 A W4 A f4 A
Ws g we Wy

The computation is as follows:

Four-Layer Neural Network. For each layer [ € {1,2, 3,4}, we follow the regular neural-

network recipe. We compute the pre-activation (Z') and activation (A!) as follows:
Zl —_ WZTAZ—I + Wé, Al — fl(Zl)7

where W' is the weight matrix and W is the bias vector, and A° = z (the input).

We can then define the output of the neural network as G = NN (z; W) = A*, for the
set of parameters, W = {W* W W2 Wz, W3 W3 W, Wi}

The squared distance between the network prediction G and the true labels y® with
respect to each of the n datapoints is then used as the loss function to train our network:

. : 1 . .
L(GD,y%) = 516 =y

All parts of this problem can be solved independently; the answers to the different parts
do not depend on one another. Also, for all parts, please choose all options that apply.



(Replicating the neural network diagram again here for reference.)

T

—>

nxd

Wl
W,

Zl

Al

W2

Z2

AQ

WS

A A3 WA zZ4 At

fl

g

f2

G

f3 WO4 f4

(a) Given the specifications of the neural net, which option(s) below must be true?
(Choose all that apply.)

(O shape of W' = shape of W?

O shape of W? = shape of W3

(& shape of Z! = shape of Al

(O shape of Z3 =

(O shape of 73 =

O shape of Z! =

shape of z

shape of A3

shape of A3

- hdden units can vary

‘ReLyu functions applied i+-wrse
(cleesn’t chhange oviput S'ae)

- +o calculate loss func, need +o
Compute G’ - Y so they wmoust be
Same dim!

& shape of G®) = shape of ) Vi =1,2,...,n
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(Replicating the neural network diagram again here for reference.)

X Wl Zl Al‘WQ

zZ? A?

W3 A A3 zZ4 At

1 2
wil[ 17 we[ 17

3 4

#(b) What is true about g%i? same dim.

& Must be a square matrix.

(> Must be a diagonal matrix.

(°f May be an all-zero matrix.

- A8 2° must have sSawme dims,

(& May be an identity matrix. ®-
. iﬂeuu(i)= O 2¢0 [%'] [ﬂelu( .

- diag. always | er O

() May be a matrix with all negative entries. (ne s rero

2A
22 Should be S@UARE

OFE-d:aq. IS 2IWayS O blc +aking same
1 %

2

¥ (c) Suppose that during backpropagation, g—éi

is all zeros.

Which of the following must also be zero? Choose all that apply.

2
@’A > Rewl(t):0-5 Alz0 bk grad =0
ZQ Tt 2 .
O S 2 (W) TA'+we , just lin,. +raas
O 8Z2
0AL
BAT 3 2ero by chain role
4" (@ cLY 242 32,
€9 za ° SA-
o4 ‘9 aa. ?22 A
¢ gar % ble 22 has no affeck on Az, A, uill Wave no 2affect on 2,

2. 'We now make the network deeper by adding 96 more layers, resulting in a 100-layer
neural network. ReLU activation functions are used for all hidden layers except for the
output layer, which uses the identity activation f(z) = z. We use a squared-error loss
function for training the neural network. All of the weights and biases are initialized as
Wt=0.1-T and W} =0.5-1 for every layer | = 1,...,100, where I is an appropriately
sized identity matrix and 1 is a vector of ones.

(a) Consider computing gradients in this 100-layer network.

z |wt| Z! Al w2 | Z2 A?
> > fl f2
Wy W

A98

~ > >| f99 > > flOO >

ng Z99 A99 W100 ZlOO G

99 100
Wy W

i. First, focus only on the last two layers of the network. Write a chain-rule

expression for
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oL

(‘)W99 : 2 zqct 2A94 ) 2210 26

21099 2299 3A9%% o

el+.

oL

oG



3L _ 229% 2A%% 22!'°® 56 L
AWM T 3088 "5299 0 2A% " s2i°°° 36

/_f—— 9L/ 2w
) oA a2'e® 36 aL
azlob ° 26

3Ss

( a 228 2A%% 5309
oW T w8’ 329 2432 394  3aqa
N
cekprop. 4o vicer | . Efrc’ lc Id
same downsiream
iii. Based on the pattern above, what do you expect about the magnitude of
oL
o
oWt
What repeated term causes this behavior? What phenomenon does this illus-
trate?
3L _ 22 @A’ 2% 3A%9 33'9° 22'*® 35 L
W' sw' 2! 3a' T 29 A% 3A%  32'°° 36
22!
= oAt v w? - o.1T
we backprop. 4o eariier layers, mottiply by €acter of O

l0.1) ¥ 2 grad. aimost ©

then, ISt jayeec vpeda ie
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(b) Jim decides to modify his neural network by including “residual connections” (also
called skip connections). The computation now becomes:

AO =z, Zl — WlAl—l + Wé, Al — fl(Zl> —{—Al_l, G = AlOO

residual

resulting in the following computation graph:

T wt Zl 1 Al w?2 22 2 o~ A2 Agg W 100 Zlo 100 G
w3 Q=rwe ¥ e »
|
| |

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

How might this improve the gradient computation for updating W', compared to
the previous part?
Hint: Think about how % changes when we replace

Al = (7Y with Al = fi(Z") + AL

2AL 9F%28) a(FL(22)y+AL) 2F2(22)
AL °  gal-t vs. 2AL1 Y L
el —_
even f +his +n:S
¥erm Shrinks pers'stS!

¥ residoudl connecRon Aodds identity +erm to Tacobian, Bnabling us +o

tcain ceep wnetrworks

3. Shen wants to build a neural network to convert 2 x 2 RGB color images into greyscale.
The color images have three channels: channel 0 is red, channel 1 is green, and channel
2 is blue. For each pixel, Shen uses the following RGB2Grey conversion:

grey = 0.30 red + 0.59 green + 0.11 blue.

Each pixel value (in both greyscale images and color image channels) is a real number
in the range [0, 1].

(a) Consider the following pixel values for a 2 x 2 color image:

Channel 0 (red) Channel 1 (green) Channel 2 (blue)

171 0|1 01
0]0 01 110
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What are the corresponding pixel values in the greyscale image?

O.30 ! TL: 0.30
TR: 0.30+0.59+ 0.1
8L: 0.1

o.u | 0.59 B8R 0.59

Anh is charged with building a convolutional neural network (CNN) to implement
the RGB2Grey conversion. Anh heard a rumor that 1 x 1 convolutional tensor filters
are useful in CNNs. They try the following architecture, where the input RGB color
images have shape 2 x 2 x 3, the tensor filter has shape 1 x 1 x 3 with bias term
wo = 0-and stride 1, a Linear activation function is used, and the output greyscale
image has shape 2 x 2 x 1:

Input Tensor Filter Output
Channel 2
e 0 1
Ch%nnel 1 0 ) ;
Channel 0
& I
0] 0
2x2x%x3 1x1x3 2x2x1

With hundreds of different training samples, can this CNN learn the greyscale
conversion? If so, provide a set of values for the weight parameters wy, wo, and ws
that implements the converter. If not, explain why the converter cannot be learned
with this CNN.

W,z 0.3 W2 =z0.864 w3z 0.1l

ihiS tonv. Filter (Ixix3) mix@S Cchannels @ e2ch pixel!
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(c) Elisa thinks it might be better to replace the 1 x 1 convolutional filter with a bigger
filters, and replaces the Linear activation with a ReLu to have more capacity to deal
with a large variety of images. Shen first asks Elisa to work on the filter matching
problem below to see if she understands how the convolution works.

Given a convolutional layer with a filter bank containing five different filters, each
with a filter size of 3 x 3, an offset and a stride of 1, the output of the convolutional
layer feeds into a ReLU. Match each output channel to its corresponding filter.

Filter 0 FiLtee: Output A
Conv2d Layer: 1ToToToTo
in_channels=1, 111711 bizs 0[0[0[00
out_channels=5, — o 0j0jo] -3 2  lojojofo]o
kernel size=(3,3), ol1lo ololololo
stride=1, \ 0[0[0[00

padding=1
Filter 1 Output B
111(0(0{0
0[1]0 \ 11111
1] —4 H To[1]o]o]o
0[110 0[1(0(1]0

N

N < o[1]o]o]o

Input Image Filter 2 / Output C
0|0 0
0

1t 0 olofofofo
1111 0 / ol1]o]o]o
o[1/olojo|]—— 011 -3 ReLU > [0]ofo]o]o0
ol1lo[1]0 0/1]1 ololo]ofo
ol[1]o]ofo ololo]o]o
Filter 3 Output D

olofofofo

1]0 olololofo

1jo[1] -3 o lo[t]ol1]o

1[0 ~ olololo]o

olofo]o]o

Filter 4 \ Output B

/ \00000

olofo olo[1]o]o

ol1fo] o 3 [olo]ofolo

0lolo olo[1]o]o

ololo]ofo
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(d) Now Elisa uses a 3 x 3 x 3 tensor filter with offset term wy = 0, and a ReLU:

Input Tensor Filter Output
Channel 2
0 1
Channel 1 0 )
Channel 0 0 RelU
1 1 1
0 0
2x2x3 3 x3x3 2x2x1

Assume the filter is applied with stride 1.

(i) In order to obtain a 2 x 2 x 1 output, what is the size of zero padding needed?
+ (ii) With appropriate padding applied, how many output pixels are influenced by

a single input pixel at position (0,0) of channel 07 List the coordinates of all
affected output pixels.

PADDING:
Al

i}y 1 padding

s|z|% |3

(L
h
“

i) (o.0) pixel aFffects everywwere!

@ (e) With hundreds of different training samples, can Elisa’s CNN from part (d) learn
the greyscale conversion, assuming that zero-padding has been applied as necessary?
If so, fill in a set of weights for the 3 x 3 x 3 tensor filter above. If not, explain why
the grey-scale converter cannot be learned with this CNN.

Yes, or No with explanation:

Can cain CNAN @I GO 2ncdd Sg. loSS @fcor wnen |earned

€ lter looks ke 1

If ves, fill in the tensor filter weights:

Channel 0 Channel 1 Channel 2
o o o o o o o o o
Q 020! O o o.s9|{ O o ot O
o (o} o o (> O o (o) o
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6.390 Introduction to Machine Learning

Recitation Topic: Representation Learning

L. Otto N. Coder wants to find a way to represent his 2-dimensional data points in 1-
dimensional space. Consider the following autoencoder with input = = [z1, 23] € R?
and output ¥ = [, 7] € R2

z1 T1 = ured
X2-2
Atz ¢z "3 — (soive)
o)z £ (Wi, +wdxat )
o Taz 2442

The encoder of this autoencoder is described by the output of the first hidden layer,

a' = fi(wizy + wize + wyp),
and the decoder of this autoencoder is described by the outputs of the output layer,
= f2(w%,1al + w§,1)a Ty = f2(w%,2a1 + w%z)

(a) For this part, suppose that the activation functions fi, fo are the identity f(z) = z.
Let our dataset Dipain = {ar;(i)}?:1 be composed of n datapoints, plotted below:

) : ; :
ap AL
.."‘.
~ St .a“..‘ :
5L ame |
1 |
A R N N

X1
(hidoen)
i. Let ¢t be a latent variable in the range [0, 1]. Based on the plot, find functions

z1(t), 22(t) that map t to x1 and x, respectively, t=* (001 >[2.e1
- — — t*x;l[o,lj-‘[z,‘lj

(6, w)-(2,2Y:= (4,2) X ()= Ut +2 tz0: %22, x2z2

(%), x2(€) )= (4, 2) (¢, t2) + (2,2) = xz(t)z 2¢&+2 €21: x,22,x2=4
xX2= li*:i"

(a0 in vange)




< ii. Consider the autoencoder structure depicted in the figure at the start of this
question. Using your result from Part (a).i., can you find weights and offsets
for this autoencoder that just about perfectly recover 7, = z; and Ty = w9,
even though there is only one hidden unit? Note: the solution is not unique.

Xa2-2

Az t="3 (soive)
{ ser equal wh = __ -1 wi=__ o wy = 0.8
o' f(Win +wyx2+ W)
€.z identity
Xa-2 _ , W1 = i wyp =4
ST WIX tWaxe 4| W 9 9
. ot 2 Wo 9= z Wy = _—2%
zX2-12 W, x, +Jikz -1

.
K22 TX=1 %X,22x242

#riii. Intuitively, what would the weights and offsets of the autoencoder represent?

Hough the 1ine exists in 2D Space, i+ riy S Single odimeénsional entity that can be
described by Single param t. and Aaviolncoder c2ptures tHhs.

(b) Otto modifies his autoencoder to have ReLU activation functions so that he can
model non-linear relationships. Suppose that he has a new data set Dy ain = {a:(i) .
composed of n datapoints, plotted in this figure:

4 T .
s
37 - N
*

2 . |
a *
&% E 3

17 | %= O i'F<2-S

*
hud (2.s,0) ™ (u,3)
= s e nua —
(2:5.0) (%o (%), X2(2)) =

X2z 2% -8 (% >2.5)
X2z 0(x,<2.8)
5)

£
71 X2 = RELL(2x:-S)

Again consider the autoencoder structure in the figure at the start of this question.
Find values for the weights and offsets in the autoencoder that can just about
perfectly recover this new data set.

1 _ 1 __
@ w[)_ © wl_ L w

(identity m2ap)
Fo— (@] w2, = 1
Wy = 1,1 =

) )

N =
I
Q

(a0h %, is +, So R€Lo T)

2 2
Wyo = =S Wy 9 = 2 (2%.-5)

suppose a = 1atent var @ bot+leneck

natoral o pur azx, 8 entoder ouvt just x,
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2. You are given a set of queries and a set of keys, all in R2. In this context, a query is a
vector that represents what we're comparing against other vectors and a key is a vector
that represents one of the possible matches we are comparing to the query.

Let:

% more Simildr direction +o query = larger olo+ prod.

- 3 - —4 k3 q1
QI_|:4:|’ Q2—|:3:|; q2

TS

ol o e fi x

()

Let s;; = ¢ k; denote the dot product (recall that the dot product can be used as
a measure of similarity) between a query ¢; and key k;. Compute the dot product
between each query and each key.

Record your answers in the table below. Additionally, for each query, identify which
key is the most similar. How does this correspond to how visually aligned each query
and key are in the plot?

‘ kq (5 ks
g1 | S11 =4 S10=-29  S13=_71
qs | S21 = B 522 = _Is 523 = L

Let n, be the number of queries and n; be the number of keys (n, = 2 and n; = 3
in our example). Construct matrices @ € R™*? and K € R"™*? such that taking
the matrix product QKT will result in a matrix whose elements are identical to the
table above before normalization.

final dim: 2x3 Q kT
2xd: 2x3 S K=-3x2

3 y & Pputr 28 rows
G:[-u 3] t\

u 3
K= |-3 u KT=13 s

Instead of thinking about abstract vectors, let’s think about how this could relate
to natural language processing. Assume that we have a model that can repre-
sent both words and sentences as vectors (a.k.a. as word embeddings and sentence
embeddings, respectively). An example of one such model is linked here: https:
//huggingface.co/sentence-transformers/all-MiniLM-L6-v2. We would like
to fill in the blank:

After the rain, the grass was
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https://huggingface.co/sentence-transformers/all-MiniLM-L6-v2
https://huggingface.co/sentence-transformers/all-MiniLM-L6-v2

Propose an algorithm that predicts the next word by using the embedding model.
Your next-word-prediction algorithm should use the embedding model to produce
“query” and "key” vectors and then use those queries and keys to predict the next
word. Clearly explain what serves as the “queries” the “keys” in your approach.

Hint for one algorithm: Think about what is the context. Then, imagine you have
a list of candidate words that might fill in the blank. How could you compare each
candidate’s embedding with the context embedding to decide which word best fits
the sentence?

Note: this is an open-ended question to spark discussion. We are not asking you to
invent an optimal method.

embedding of current sentence = query

€mbedding ¢ 21l Cand'date words = keys
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3. Consider the following autoregressive model, which uses a 2 x 1 convolutional filter to
compute the next element in a sequence:

1 1 z
r--== r--==
- ! - !
- ~ ol ~ ol
Zo 1 L 2 Zg ! I o 23 !
1 | . 1 |
’ e = . e
’ .
\‘ /\ /\ /
’ ’
. .
w1 | w2 S w w2 J w1 | w2
’ ’
. .
’ ’
v ’
’ ’
2 ‘ 2 L4 2
’ ’
’ ’
A~ 4 A~ , A
2| T2 S X3 i T4
’ ’
T 4 T 4
LI LI

A model is autoregressive if it makes each prediction only on past values. In particular,
it feeds its own outputs back into the input.

(a) Let’s say the model is given xy =

1,y = 1,w; = 1,wy = 1. Predict the next 3

numbers of the sequence, T, 3, Z4.

on
Xy V4122
N
X23:142°3

QH'—'L'I"L:S

Suppose we want the sequence to remain constant at 1, i.e. x; = 1 for all ¢. What
weights wy, we would achieve this?

W W2= 0.8

W, +wacz|

Suppose you are given a data set of n real-valued sequences, {xl(f) ? 1, wWhere se-
quence ¢ is indexed from time ¢t = 0 to ¢t = T'. Using the autoregressive model shown
above, we want to learn weights w; and wy that make good predictions throughout
each sequence.

During training, for each valid time step t, we use the previous two true values to
predict the next value:

55?) = wle_)g + ngf_)l, t=2,...

What objective function could you minimize to learn a good next value prediction
model?

for @ach day L, We can do reégression wl/ squared efror blc WE kvow 311 the answers

T . T . a L1 cquare! 1

) ¢ 3 ) ’ egression with squared error 1 1 2

Z (AL Z T wexth v waxth)) gression Wit =d xlo Xiey, Xi=2) Xg=3 - Ki=T
=2 - A

)
2nSw.  EStim.

A f i i i_,
Xbog, Xt=1, Xt=2, Xt=3 = Xt=T

estimation

answer

2
) (i)
<.1"‘,/ — (w129 + WaT; ))

Pageb =~ &

n n n T
Xfeg, Xie1) Xi=p) Xt=3 - Xt=T

(sequence 1)

(sequence i)

(sequence T)
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6.390 Introduction to Machine Learning

Recitation Topic: Transformers

1. Consider a transformer model with a single attention head and no positional encoding.

We input [“Lucy”, “ate”, “her”, “breakfast”] and observe:
Lucy 2t ner breakfas?t

3D o
QKT *l0 2 =3 1
“Th

Jan f-1 1 2 =2
[0 2 —2 —1

For all subparts below, we keep all learnable weights in this transformer fixed.

(a) First, we consider the attention matrix A and denote the attention “Lucy” pays to
“ate” be a;, and the attention “Lucy” pays to “her” as aj;. Which one is larger,
aq or ay,? Justify your answer.

QAo = 2%tention Luty P2yS o ate
ed

(s2ame denom.
Softmax: Z;5, e¥

Q. = 2Ftention Luty P24yS +o her blc Same row!)

Glh > Ota blc  softmax(3) > Softmax (i)

(b) We consider the attention matrix A and denote the attention “Lucy” pays to “ate”
be a;, and the attention “ate” pays to “Lucy” as ay. Which one is larger, a;, or
aq? Justify your answer.

0

1

e e
~ 0.0228 ~ 0.0619
€3+61+€3+60 63+61+€3+60
60 61
~ 0.0896 ~ (0.2436

O te2+e3+el

eV +e2 + e 3 + el

Qe Softmax(1yY 2 0.0619

OaLz= Softmax (0) 2 0.08%6

«— brg9es

((Lucy” ] .

In this subpart, we permute the input sequence as [“her”, “breakfast”,
Which one is larger, the attention “Lucy” pays to “ate” aj, or the at-

[43 29

ate”,

tention “ate” pays to “Lucy” al,? (Recall that all learned weights remain fixed and

there is no positional encoding.)

SAME:. sS2me olot prodeocts

)
Qe < Oo.

jost  ol7Ef.

orcler




2. In the standard attention mechanism, any token can attend to any other token. Suppose
we want to adapt the mechanism to force this behavior: each token should only attend
to earlier tokens in the sequence (including itself), never to future ones. This can be
done via the idea of causal attention. Let’s explore this idea.

(a)

First, let’s understand a key property when computing the softmax of a vec-
tor, numerically. Recall that lim, .., e ™ = 0. What is the result of computing
softmax([—o0, —00,6390])?

e 6340

3
(o.0,e%*° 1 5 [o.o. moj = [o.0.17)

Jordan decides to modify their computation of the full attention matrix as:

A(X) = softmax,oy (% + M) :

where M € R™" is-a mask matrix used to set elements equal to —oo prior to
applying the softmax operation.

Construct the matrix M that enforces causal masking—that is, so that each token
x; only attends to positions j < 1.

o -0 -0 - 02
Mz [g o ': -0°
(=]
°°
9 o o o
. o & j<r
"~ _genecal: M".'l = s

Now suppose Jordan replaces the mask matrix above with the following mask matrix
M1, and assume n = 4:

ML — 0 ifj=iorj=(Mn+1-1)
Y ) —oo otherwise

Assume that our attention head has weights W, = Wy = W, = I (the identity
matrix).

What is the value of a2, i.e., how much attention does token 1 pay to token 27

00 [=2T T 2
8?-5 o = e o

(O Depends on x; and xs
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3. Carla is experimenting with self-attention using very simple “Fibonacci-like” sequences
with d = 1. In particular, for a sequence of three tokens x1 = a,z9 = b, x3 = ¢, the third
digit is ¢ = “TH’ To better understand how softmax’d attention scores influence outputs,
she writes a simplified version of a attention head—one that uses a constant attention
matrix (instead of computing attention from queries and keys).

Here is her simplified implementation:

1) def fib_attention_const(X):

2) A = torch.tensor( ALPHA_MAT )
3) A = torch.softmax (A, dim=-1)
4) Z=A0@X
5) return Z

Carla wants to choose an ALPHA MAT so that for input:
X = torch.tensor([[a, b]]).T # shape: (2, 1)
the output of fib_attention(X) becomes:
Z = torch.tensor([[b], [(a + b) / 2]]).

What should Carla set ALPHA_MAT to in line 2 so that the attention mechanism produces
the desired output Z shown above?

Hint: Think about what kind of weighted combinations of a, b would produce Z, and
how that corresponds to rows of the attention matrix.

Hint: recall that d = 1.

Problem 3

Token 1 Token 2
Inputs: a b
Outputs: b (a+b)/2 -
0-a+1-b s-a+3-b

Want post softmax [0
1
2 2

1
attention to be 1] sothat output = [

= O

—00 anything
whatever same as left

Pre softmax

ALPRAMAT= oo 1] g n [ ]
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6.390 Introduction to Machine Learning

Recitation Topic: Markov Decision Processes

2 3

1. Wobot is learning how to navigate a 1-D grid world with three states, s', s?, s3.

At each time step, Wobot takes an action a € {ajeft, Gright }- The reward for taking each
action from each state is shown in the figure below.

In this problem; assume the discount factor v =1.

i.

ii.

(yight : 0 Qright : 0
Aeft 2 0 e.a.e right © 200
eft+ D0 et : 0
A policy for a finite horizon h is a family {m, o, ..., m,} of functions m; : S —

A that specifies what action to take in each state, assuming there are exactly k
steps left. Describe the optimal policy 7 for the MDP in the diagram above.
That is, for a fixed horizon h and state s, show how 7} (s) depends on k.

CASE I: k=)l for horizons h 2k: CAseg 2:k22: take Orignt
S': optimml +DLE Qright

$2: jake o efs

s3 Oright

For each combination of initial state and horizon h, determine the horizon-h
value obtained by the optimal policy, V™ (s).

h=0|h=1h=2|h>3
o so 100 |So+200(W-2)
82 0 so 200 200(th-1)
210 200 | Uop | zoOn




optimal policy 7* will take in each of the three states.

reqardleSS of init. State, +ak ctionn Ovrignht blc transitioning to s3

is__+he : SOo+0-vr + r2 = 12 = + »2

(@) ii. For each state s € {s!,s?, 5%}, for the optimal policy 7* discovered in part (b)

i. write the value for V7' (s) with discount factor v = 0.8. Recall the expanded

form of the geometric series:

. oo
/T (o3) Z 200(0-83t = 222 .
VOO \D } —_— tro &00(0-. = o.2 - \[-Y-X-]
) R —vt
0o (87 ) = 7VZ (s3) = 0.8(1o00)=800 - V¥(52)=04+0.8.200+ 0.82. 200 +...

Vo (87) = soe vV (s2) = son +2v2¥s3) = So+(0.8)*(looo) =690
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2. Consider the following MDP with k£ + 4 states. There are two actions, a; and as. Arrows
with no labels represent a transition for both actions with probability 1. Arrows labeled
a/p make the transition on action a with probability p. States with no label have reward
0. Two states have reward +1, obtained when taking an action in that state. There are
k — 2 states between s; and sg, with a deterministic transition on any action (so that
once you are in sl you are guaranteed to end up in s; in k — 1 steps).

We are interested in the infinite-horizon discounted values of some states in this MDP.

al /0.1

takes k-l
@ Steps o reach

a2/1.0

+1

f al,a2/05

al,a2/0.5

(a) What is Vi (s1) as a function of k£ when v = 07? )

(b) What is V} (s;) as a function of & when y =17 L

vreach S¢

() (c) What is V7 (s;) as a function of k when 0 <y < 1?7 _ar®~ 2 1o rewavd until sg

(d) What is VZ (s,) when v = 07 o

@ (e) What is V;(Sx) when v = 1? 1 eventually will reach Sy 8 ge+ +1 (v=i)

3

@ (f) What is VX (s,;) when 0 <y < 17 2-vr & Soolo Stay im Sx, SOole Sy 8 ge+ +!

fo reach @ stép +: Stag in Sx for #-1 Steps (o-s"')
+wen gqe Sy 0.5: P(+)= (o.5)t

g [
= .0.8)¢ : +. L
So toial 4E‘(v- 0.5)t » gqeo ser:es E‘r =

oO.s»v ! ¥
1-OSy Y 2-7
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nde W Ila ondad OIlS Ol K alnd Wwould we prele

Write down a specific mathematical relationship. -

when R(Se, .V + 7(0.9Veb (s)) + 0.1VSE(s2)) > R(Se. A 2)+ Y VE(Sx), wmneetn |

S _ kX
SimpI’EieS to 10V > 2-r

Q.. reward bot delayed k-1 steps

Qz:

Smaller rfeward bu+r nappens seoownver 0000000000000 |
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3. Consider a tabular MDP with given state space, action space, transition probabilities,
reward function, and discount factor (S, A, T, R,7). Assume that this MDP has no
terminal state , i.e., a policy can be ran without termination.

@ (a) Assume that for a given policy 7 the infinite horizon value functions are V. Now
suppose all rewards are increased by 10, i.e., the new reward function Ry, (s,a) =
R(s,a) 4+ 10,Vs € S,a € A.
Would the infinite-horizon value functions of following 7 change? If yes, write out
an expression for the new value functions in terms of V' (you do not need to worry
about simplifying the expression). If no, explain why there will be no change.

Yes USing definition of infrnrte horizon valves, V(S)zE[Ro+vR.+v2R2+...15]
ince Bach R; by 1O vesvlis in vV(s+10) = E[(Ro+10)Y+ v (R +10)+ v (R3+i0)+...1S])

10
cVisY+ (lo++ 10+ T2104...) = V(SY+ V-v for 211 srates S

(b) Assume that the MDP described in part (a) has a known optimal infinite-horizon
policy 7*. Now suppose all rewards are scaled by a constant ¢ € R, i.e., the new
reward function R,c.2(s,a) = c* R(s,a),Vs € S;a € A.

Is there any constant ¢ such that the optimal policy 7* remains optimal? If yes,
give an example of c. If no, briefly explain why not.

any c20 Vmew ()= E[cRo+ TcR, + 72cR2+... 157 = (VT (s) Cor all_States
s & polcies w.

n¥* SHI\ ophmal ble VT™i(s) f_V"‘-CS)
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2ny
Q= 'siep + optimal policies For resi

VALVE ITERATION:

c @ vs. V: Vi"es) = ax VR(s) = V¥(s) & V 2lone doesw't 1l you what +o oo. Q does

Qe (s.a)z R(5,a)+ v Z g TS0, 3 ) max,, QY. (s', a’)
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6.390 Introduction to l\v/Icu,uiuc J_Jcalulug
Recitation Topic: Markov Decision Processes

. We're riding a bike in a 5-by-5 grid-world. We always start at (0,1). The shaded squares

Y N Y )

West. If an action takes us into a pillar or out of the world, we do not move.

We receive the reward written on the squares when taking any action from the square,

where squares without numbers incur 0 reward.

The game terminates after taking an action from (2,2) or (4,2). Our goal is to maximize

the total reward.

-

o




111 TNI1S pal We a 1me a d ount factor of 1.0 and determinis AIlS1L1011E

Suppose we run the value iteration algorithm for 1000 iterations. What would be

the optimal value of our initial state (0,1)7 Draw out the best actions as arrows

Value of best path: 10

Unique? no blc there

+take

Draw best path:

2ny route +o get+ +o (4,2)

% vot 2 unigue Soln
1 % R blc v =1 & non-derprm,
7 .
SO mMauy parhs Wil
produce 1o
0 10 10 -10 10 10
o 1 2 3 4

(b) In this part, we keep all of the setup from the previous part, except that we change
the discount factor to 0.1.

Suppose we run the value iteration algorithm for 1000 iterations. What would be

> alie - of o 11119 ate () B
OPp al - vVaitu€ 01 OUu

Unique? yes ble any otner patk would be less vaive

Draw best path:

2 1 10
N

! @‘é >
0 10 10 -10 10 10
0 1 2 3 4
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R

In this part, we now assume a discount factor of 0.99. Our transitions are no longer
deterministic: when taking an action, there is a 0.5 chance that we move to the
intended square as before, and a 0.5 chance that Wwe move to the intended square
and then to the square directly South of it. As before, we cannot move out of the
world or into a pillar.

For example, in state (0, 1), a North action takes us to state (0,2) with probability
0.5 to state (0,1) with probability 0.5. In state (2,3), an East action takes us to
state (3,3) with probability 1, since we cannot move into the pillar.

Suppose we run the value iteration algorithm for 1000 iterations. Draw out the best
actions as arrows taken at each state you may reach in the path that maximizes
your expected reward.

Draw the best actions:

(0.5)8(0.99)? .10 '

—
¢

=
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2. Consider the following Markov decision process (MDP), with states as pictured in the
figure below. In any state sjne We can take one of two actions, ‘up’ or ‘down’, and
transition to one of the two states to the right of that state.

&g P

Our states Sppe are defined by their subscript label, where label is a sequence of 0’s or
1’s indicating the position of that state in the tree as in the figure. For example, 5111,
is the second from the top right-most state. The state tree can have any depth d; d = 4
for the example shown in the figure.

We first consider a deterministic version of this MDP as pictured above, where the
transition function is such that taking action ‘up’ from state sj.,e moves us to state
Slabel+«17, and action ‘down’ from state sppe moves us to state Sppeir«, as shown in
the figure, for states s with depths less than d (i.e., from states Sj.pe wWhere length of
label is less than d). For “leaf” states sj.s with depth equal to d, we stay in that leaf
with any action. We always start in state s, and assume discount factor v = 0.9.

(a) Assume a state tree of depth d = 4 as pictured above, and v = 0.9. Consider a
reward function R(s, a) for taking action a from any state s that gives reward 3 for
action ‘up’ and reward 2 for action ‘down’. -

i. What is the optimal horizon h = 1 action to take from state s;? Explain your
reasoning.

R(s.,, vp)=3 8 R(S., down) =2

ophmal action = Up blc reward S greater.
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ii. What is the optimal horizon h = 1 value for sy, s; 1, and s17?
Vi(s1) =3
* _ * hsl: ownt coont in_ reward, not what
Vi*(s11) =3 o
’ happens before! 2&+er
Vi'(s10) = 3

iii. What is the optimal horizon h = 2 value for s; and s; 47

3+0.9(3)=s.7

V;(sl) = up +up

3+04(3)= 8.2

‘/2* (5170) = up +up

@ iv. What is the optimal infinite horizon h = oo value for s; and s;?
3

3+0.9(3+0.9(3+0.9(--.1)) = 1-09 ~ 30

90 geowmetrric ser'es: |-

Vi(si) =

V;(Sl,g) = 3+0.9(3+0.9(3+0.49(-:-))) =30

(b) Suppose that our state tree now has depth d = 10 rather than depth d = 4 as in
the figure. Explain how your horizon h = oo value for s; and s; ¢ changes, or does

not change, compared to your answer in part (a).

it cdoes wno+r cuange because v=i, and it's 2lways more optimal +o go op.

converging +o 00, e value will Still be vécs.hva%(su.\:?.o 2nd keep looping
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We return to the d = 4 depth tree, as in our figure above. However, now we change
our reward function such that R(s,a) remains the same as in (a), except that for
leaf states in our tree, R(Siear, @) = 0 for any action a. Assume now that v € (0,1)
but we do not know its exact value.

i. Now what is the optimal infinite horizon h = oo value for s; and s;(? Express
your result in terms of .

Vi(s1) = 3+(0.9(3+0.6(3+0.a(2)))) = 3+2.7+2.43+42.187 = 10.317

3+ 3+4 392, o'edF

VOZ(SLO) = 3+3r + Olleac

Consider a stochastic version of our MDP. Now, taking action ‘up’ from any state
transitions to the next upper state (with “, 17 added to the label) with probability
p, and to the next lower state (with “,0” added to the label) with probability 1 — p.
Taking action ‘down’ always transitions to the next lower state, and leaf states
always transition back to that same leaf state, with probability 1. The reward
structure remains as in part [c| (i.e., actions in leaf states give zero reward). As
before, assume that depth d = 4, and v € (0, 1) but we do not know its exact value.
Similarly, we do not know the exact value of p.

i. What is the optimal infinite horizon h = oo value for s;7 Express your result
in terms of p and 7.

Vi(s1)) =30+ v+ plar) X VE(s,0)= Vs (si,.), so p doeswi come
inro  play
3(1+r+r2)
v edz3erleved (s.i) +U-p)- v (s.0) ]
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@e) Finally, our reward structure changes for one state in our MDP compared to part @
now the leaf at bottom right has a different reward, R(s100,0,a) = 100, for any
action a. The other leaf nodes continue to have reward zero.

i. Now, what are the infinite horizon Q* values for taking action ‘up’ and ‘down’
from the state 51007 Express your answer in terms of v and p.

oo P S
— 02 geowmetric ser'es: V-
oo
Q" (51,00, Up’) = B erp.or L)Y T
vp
vs.
down
, " 100
* ¢ _ e
Q" (s100, down’) = 2+ i
oD

ii. Suppose v = 0.9. For what values of p will the optimal action to take in state
51,00 become ‘down’?

R(vp)=3, Rldown) =2
in order for optim2l to be down action, 3.p<2(1-p)

3p\¢2-2p
10 © e X 2

24+v. e 23+ Y (1p) 1-7v Sp ¢ 2> pe T
v

1= 1
P> 'VE.Q-
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Y{30:
GOAL: determing m¥(s), VT (s)
,lcalcula'bc USing

% (s.0) Start from State S 8 qo +o ackon o 8 go on optimal policy
known trans. T

3 rewards g/ thm T

VALUE ITERATION Q-LEARAIAIG

(week 10b) Q(s.a)

Week 10a  Weeks 10b & 11: Week 11/RL:
- optimal policy mostly infinite

Va(s) Weeks 10a, 10b, 11 horizon

Goal: determine 7°(s) V™ (5) () - wemssor oo

Can calculate using V™ (s) = maxQi(s,a)
ai
*
Q% (s,a

Known transitions T ) as
and rewards R / Unknow;\‘
and R

Value Iteration (week 10b) Q-learning (week 11)

e Q(s, a)

Qi(s,) = R(s,a) + 7 3" Tls,a,5) max Qj (s

(follow optimal
policy from here)

Q[s,a] < (1 - )Q[s,a] + a(r + ymaxQ[s’,a])

Qi(s,) = R(s,a) + 7Y T(s,a,4) maxQ; _,(s'.

Q-LEARNING OPDATE ROLE:

old quess new guess
| o——
Qls.aJe (1-«)QLS.aT+ X (v + YmaxQ@ls’. a'])
’
immediate f_::’;e_ a

reward

uward )
@L @.—p ¥ X
o Furure rewards /™ (s¢)= ?*Q[S',a'j

€ - GreeoY :
cwWith probability 1€, Choose argmax EA Q(s.a)
- with probability €, Choose achion OEA uvnformiy @ random

a . Q(s,a1) =2
as Greedy (we think this
Q(S, a2) =95 action will give the

highest reward)
“ Q(57 a3) =3

Mnemonic to remember what € stands for: it’s a small radius €
away from Greedy (so € = 0 means fully Greedy)




6.390 Introduction to Machine Learning

Recitation Topic: Reinforcement Learning

1. You are helping a friendly alien named Zog learn to navigate a 3 x 3 maze on the planet
Quizara. Zog hopes to reach the shiny treasure located in a specific cell in the maze.
Along the way, Zog may encounter other treasures and pesky space traps.

Your task is to use Q-learning to teach Zog to navigate the maze efficiently. The maze
grid is structured as follows:

1 i‘ 3 o otlerwise

576

Maze Detalils:

e Any action in Cell 9 (bottom-right) gives a “gold” reward of +10.

e Any action in Cell 5 gives a “trap” reward of —1.

e Any action in Cell 2 gives a “silver” reward of +1.

e All other (state, action) pairs give a boring reward of 0.
Movement and Transitions: Zog can attempt to take an action in up, down, left, right;
however, the maze is unstable, and the transitions are unknown. For example, the prob-

ability of transitioning from location 1 to location 9 as a result of action “up” could be
positive.

Action Selection: Zog will explore the maze using an e-greedy policy (with & value to
be specified in the sub-parts). When there is a tie, Zog chooses the action in this order:
{up, down, left, right}.

Discount factor: v, the discount factor is set to 0.9.

Before taking any actions, Zog’s Q-table is initialized with zero values for all state-action
pairs.

For part (a) to part (c), € = 0, that is, we use pure greedy action selection.

Let’s first refresh our understanding of Q-learning. The Q-learning process (depending
on parameter a € (0, 1]) consists of initializing a function Q : S x A — R to Q(s,a) =0
(for all s € S, a € A), and then performing, for each state-action pair (s, a) reached, the
“update Q(s,a)” step, defined as follows:

1. Execute action a at state s, to get the resulting deterministic reward r = R(s, a)
and random s € & (with probability T(s,a,s"));

2. Change the value of Q(s,a) according to

Q(s.a) e« (1-«)AL0S5. 0] + A (v + rmax QLs’, a'])
o




(a) Fill in the Q-learning update equation above. Use « for the learning rate and ~ for

the discount factor.

(b) Now, let’s go back to our problem. If Zog starts in Cell 4, what would be Zog’s first

action?

up 21 Q -v2'S in%. +o O & break ¥+esS in ordevr 1T, L, &, &

N

/(c) Is there a learning rate o such that Zog always chooses the action you gave in the

previous part, any time they visit Cell 47

when =0, wWe wnever update the O, +able, So  always break +He C

stare 4 by CL Sing P
3 33—
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Reset the Q-table with zeros for all (state, action) pairs. For all subparts below,
assume that we change the action-selection strategy to e-greedy with some unknown
g, and fix the learning rate o to be 0.5.

Zog ended up following this trajectory of (state, action, rewards):

(1, right, 0) — (2, right, 1)— (3, down, 0) — (6, down, 0) — (9, down, 10).
There is no further transition out of state 9.

Solve for all non-zero Q-values after this trajectory.

(2, 'up’)

Ql2, right 1 - 0.5.-0 + 0.85(1! +0.9-0) = 0.5

Q(9q, down) : 0.5s- 0+ O.5(10+0.9.0)=S
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(e) How would you adjust the reward so that Zog learns to prioritize avoiding traps
over collecting silvers? How would you adjust the silver reward? How would you
adjust the trap penalty?

avoiding traps: lowering & (more greedy?)

trap penaity wneganve, silver reward Smaller

(f) After 10 million tries, someone tells you your Q-learning algorithm has converged.
Yay! Here is the Q-table:

59.859 67.510 72.900

59.859 66.510 60.859 73.900 66.510 72.900
65.610 73.000 81.000
59.859 65.510 71.622

65.610 72.000 64.610 80.000 72.000 81.000
72.900 80.000 90.000
65.610 72.000 91.000

72.900 81.000 72.900 90.000 91.000 100.000
72.900 81.000 100.000

i. Would it be possible to determine the transition probability T(9, right,9)7 If
yes, give the transition probability. If not, explain why not. Again, recall that
v is set to 0.9.

Q* satsfies the Beliman equation
G:o(s.oq= R(S, &) + ¥ Z’r(s,o\,s')vna;aQ:, (s'. a*)
— S oA
e Plae ¥o Sta+e S) best rewardh frow s

00z Q. (9, rigwt) = 10+ 0.9 (weight ed Sum)
blc 100 biggest #, max Q% (s o )z100 =) T(A, right, 9)=i
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ii. Would it be possible to determine the transition probability T(9, up,6)? If yes,
give the transition probability. If not, explain why not.

G1: @(Q, ve)zlo + 0.9 (weignied Sum) = werghted Sum : A0

M2ng States coculd be. .. cant el

iii. Would it be possible to determine the transition probability T(6,down, 3)? If
yes, give the transition probability. If not, explain why not.

90 : Q (6. down) =0 +0.9: (meighted Sum) 2 weighied Sumc10o
DS 6 wust +transition 4o Stare §

= T(6, down, 3)z0

@ (g) Now assume € = 0.4. Using the Q-table from the previous part, what is the proba-
bility that Zog chooses action down when in state 67

q 0-49-o0.1 total prob. /s 0.6+0.120.7

(h) Reset the Q-table with zeros for all (state, action) pairs. Now, let’s assume that
all states with nonzero reward are terminal states (i.e., 2, 5, and 9), so we end the
trajectory once we reach them.

This time Zog starts in cell 1 and has explored (and terminated) two trajectories,
but we don’t know which ones they are! All we know is that he continued until he
reached one of the terminal states and updated the Q-table along the way. Consider
state 6: after two episodes of Q-learning, what are the possible values of Q(6, up)?
Remember the transition function is unknown, o = 0.5, and v = 0.9.

X How can Q[6, up] be updated from 0 to
O 9 Problem 1h hint a non-zero value?
ol
O 45 Q[s,a] < (1 - )Qls, a] + a(r + ymax Q[s', a’])
. a
Q[6, up] = 0.5* 0 + 0.5(0+ 0.9*?)
= ? How can Q[6, up] be updated from 0 to
. 2 25 Problem 1h sol anon-zero value?
We need to transition from state 6 to a state s which already was updated to
0 O 225 have nonzero Q value for some action (max Q(s, a) > 0) Q[s7a] < (1 —_ Q)Q[s,a] =+ a(r + 7y max Q[sl,a’])
. a
Initially, the only updates that can cause nonzero Q-value are from the Q[2,up] = 05* 0 + 0.5(1)
terminal states (at the end of the first episode). = 0.5
’ O -> To have a non-zero Q[6, up], 6 up must transition to state 2, (5?), or 9. > maxQ[2,a] = 0.5
Q[5,up] = 05* 0 + 0.5(-1)
(O -0.225 = 05
- max Q[5, a] = 0 still! Not non-zero.
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2. You have designed a robot curling stone to enter a modified curling contest. In order
to get your robot stone to perform well, you have designed a state and action space, a
reward structure, and a transition model. The goal of the robot stone is to slide upwards
on an ice sheet and stop in a target region. After each state transition, it displays the
reward it receives. In addition to your robot stone, there are some opponent stones on
the ice, as shown below, which are fixed.

Your model for the state and action spaces is as follows:

S e {t,0,1,2,3}
a € {cégon’ “StOp”}

where the states refer to the robot stone being in either a terminal state (denoted as )
or within one of the four regions below:

Opp.
Stone
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You design the following reward function and (deterministic) transition model for your
robot stone:

action “go” | action “stop”
state 3 0 2
R(s,a): state 2 1 1
state 1 1 0
state 0 1 0
T(0, “go”, 1) =1
T(1, “go”, 2) =1
T(s,a,s’) : T(2, “go”, 3) =1
T(3, “go”, t) =1
*

and all other transition probabilities are 0. Here * indicates any state. Note that once
the robot stone enters state ¢t the game ends: there is no transition and zero reward out
of state ¢t (and hence no action to decide once in state t). Together with this reward
function and transition model, you specify a discount factor v = 1.

(a) In order to enable decision making by your robot stone, you need to give it the
optimal policy 7*(s). For your reward and transition structure and discount factor
v =1, what are the optimal Q-values, Q*(s,a)? What is the optimal policy 7*(s)?
Fill in the following two tables.

¥ corrent + ocptimal furure

action “go” | action “stop” T (s)

state 3 o 2 state 3 Stop
Q*(s,a): state 2 3 I T*(s): state 2 3o
state 1 Y o state 1 3°
state 0 S o state 0 32
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Unfortunately, your competitor has also designed a robot stone. You do not know
your competitor’s reward structure R(s, a) or transition model T(s, a, s’); however,
you do know they use the same state and action spaces. Instead, you decide to use
Q-learning to observe their robot stone and learn from it! For your Q-learning, use
discount factor v = 1 and learning rate a = 0.5, with a Q table initialized to zero
for all (s,a) pairs.

Your competitor runs their robot through a first game, exhibiting the following
experience:

Ceom the step # | s a l r l s’
e we

Seaems 1 0] “go” |11

reusrﬂ\o-ﬂs « »

e Srners 2 1| “stop” [0 ]t

Qls.o1 € (1-k) Q5.0+ K(r+Trmax Q Ls, a'3)
3

You perform Q-learning updates based on the experience above. After observing
steps 1 and 2 (the first game), what is the learned Q(0, “go”)?

Q (o, ‘90") : 0.5.0+O.5l1+1.0) 0.5 # G-table inid. 30 O

What is the learned Q(1, “stop™)?

Q (1. ‘step~) = 0.5.0+ O.F (0+1-0)= O

Your competitor runs their robot through a second game, exhibiting the following
additional experience:

step # | s a r|s
3 RO “go” |1]13

>4 1 “gO” 1° QQ_/W\SX Qls'.a'] looks €Eof rmax
5 2| “g0” |1]3 va\ of Q@ (2. tgs" /- stop ]
6 3| “stop” | 2] t

You perform additional Q-learning updates based on this additional experience.
After completion of both games (all six steps), what are the full set of Q values you
have learned for their robot? Fill in the following table.

~0(0. 'q0"1: 0.S.0.8 +0.5(1+1- 0) =0.7S

> B (1.'q0"): 0o.s.0 + 0.S(0C+1-0) = O.5

Q2 %99")= 0.5.0+ O.S 0+ 1r08)= O.25

& (3, “stop“)z05.0+0.S(2+1-0) = |
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state s | action “go” | action “stop”
3 O ‘
Q(s, a): 2 oS ©
1 ozs ©
0 0.75 g

(d) We can think of learning the Q-value function for a given action as a regression
problem with each state s mapped to a one-hot feature vector x = ¢(s), where
x=1[1000]" for state 0, z = [0 1 0 0]” for 1, etc., and x = [0 0 0 0] for state ¢.

We'll focus on the action “go”. We would like to come up with parameters 6,6,
such that Q(s, “go”) =0-¢(s) + 6y =0z + 6.

Given an arbitrary set of values for Q(0, “go”), Q(1, “go”), Q(2, “go”), Q(3, “go”),
can we always find a setting of 6,6, that enables representation of Q(s, “go”) with
perfect accuracy? If so, provide the corresponding 8 and 6. If not, explain why.

find ©, 0o st. BT [2] +0e0 = ©.+0s zQlo. ‘go) Q(o,:se")]

©2400:Q (1, i90+) — O° [le.-'ae")

Withh Only owe. Aackionn, O can be vrepresented as (inear Ffunc. of Stare
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rec 12: non-parametre

ALllS

Why care?

aQrows
v

wi

Ad+a

interprerability

c_inSight
3

speed




6.390 Introduction to Machine Learning

Recitation Topic: Non-parametric Models

As a reminder before starting the questions:
We define the empirical probability of an item from class k occurring in region m as:

. N |1 € 1, and @) =k
Pm,k:P(Im,k):’{Z|Z ;n y H |

where N, is the number of training points in region m; that is, N,, = |L|.
Entropy is defined as follows:

Qu(T) = H(In) = =Y Puilogy Pk (1)
k

So that the entropy H is well-defined when P = 0, we will stipulate that 0log, 0 = 0.

1. Consider the small dataset about Penguins shown below. The data set includes three
penguin species: Adelie, Gentoo, and Chinstrap. In the plot below, Adelie are marked
with squares, Gentoo with x’s; and Chinstrap with o’s. Note that the Chinstrap penguin
has flipper length 187mm and body mass _3_65\0g.

4600 O Adelie X
o Chinstrap
X

4400 X Gentoo

4200
= X
) 4000
[%)]
[}
€ 3800
>
© ]
O 3600 O
< u}

u}
3400
u}
3200
o o
3000

175 180 185 190 195 200 205 210
flipper length (mm)

We now use two features—flipper length and body mass—to build a decision tree that
classifies each penguin’s species using entropy as the splitting criterion.

(a) Calculate the entropy of this subset of the penguin data set. There are 6 Adelie, 1
Chinstrap and 3 Gentoos.

he-n toa, (&) - 75 1e3. () - & loa, (%)

(b) For each feature (flipper length and body mass):

e choose an appropriate split point based on the data visualization, and



e calculate the Weighted Average Entropy (WAE) after splitting.

Hint: Recall the WAE, H of a split on the 7th dimension at location s is: H=
(fraction of points in left data set)-H (I )-+(fraction of points in right data set)-
H(I})

158

*if perfecHy Split, entropyg=0

for spiit: flipper 1engih 200 wvam
3
left: '%'%g(%)‘ Siea, (%) ]/ A= ?—q('%‘%;(%)' I?'°5:-l%))* E(°) =: °"""‘I

3 3
right: 3""3;(3) =0

for split: body mass 3644 gq: HALOWER: bet+er
uf s . 3
op: -ﬁbs,ﬁ.)-};:oh(%)]/a: (- fr0aald) - Fres, (3)) + S (o) o 0.325 |

down: O (nomogewous)

(¢) Which feature would you select for the first split in your decision tree? Justify your
answer using the WAE values.

lower WAE= beter! body mass ¥ 360§ g
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2. In this problem we will analyze the Palmer
Penguins data set for a regression task. Our
goal will be to predict the body mass of a pen-

guin given the length of its flipper. The data

set is plotted on the right.

Body Mass (g)
5 &

3500

3000

170

180 190 200 210 220

Flipper Length (mm)

230

(a) We run the BuildTree algorithm on the Penguins data set with varying levels of
largest leaf sizes: k = 1,10,100. Match the regressor with the largest leaf sizes of

the decision tree.

6000

5500

5000

Body Mass (g)
g

N
S
3
S

3500

3000

170 180 190 200 210 220 230
Flipper Length (mm)

k=\l00O

6000

5500

5000

4000

Body Mass (g)
g

3500

3000

170 180 190 200 210 220 230
Flipper Length (mm)

o\

6000

5500

o
=
3
S

Body Mass (g)
5 &
8 8

3500

3000

170 180 190 200 210 220
Flipper Length (mm)

k= IO

230

Using the regressor in the first plot, what would the predicted body mass be for a
penguin with flipper length 180m? = 200 9

(b) We run the k-Nearest Neighbors algorithm using Euclidean distance on the Penguins

data set with varying number of neighbors: £ = 1,10, 100. Match the regressor with
the number of neighbors.

6000

5500

o
=3
S
S

4500

Body Mass (g)
]
8

3500

3000

170 180 190 200 210 220 230
Flipper Length (mm)

k=100

6000

5500

o
=3
S
S

4500

Body Mass (g)
]
8

3500

3000

170 180 190 200 210 220 230
Flipper Length (mm)

k=10
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6000
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Flipper Length (mm)

k=1

230



6000

5500

I
o
S
S

4500

4000

Body Mass (g)

3500

3000

(c) Each of the three decision plots represents a decision tree trained on a bootstrap

version of the dataset. That is, for each plot, the original data is resampled with

replacement to form a new dataset of equal size, and a decision tree with a maximum
leaf size of 1 is trained on this sample.

6000

5500

o
o
S
S

4500

Body Mass (g)
&

3500

3000

170

180

190

200

210

220

170

180

190

200

210

220

Flipper Length (mm)

230

170

180

190

200

210

220

Flipper Length (mm)

230

In each of the decision plots below, a bagged regressor is constructed by training an
ensemble of 100 decision trees, each on a different bootstrap sample of the dataset.
The final prediction is obtained by averaging the outputs of all trees.

6000 6000

5500 5500

o
o
S
S

5000

4500 4500

»
=)
S
S

4000

Body Mass (g)
Body Mass (g)

3500 3500

3000 3000

230
Flipper Length (mm)
x
6000 X
o\
eﬂ‘ 5500
e‘:\s \v""'"a S
> o
* ~= 5000
2 et @
e 2 4500
‘o ol\e' s 45
nec 3z
20° S 4000
o
3500
3000
- 170 180 190 200

210 220

Flipper Length (mm)

230

180 190 200 210 220

Flipper Length (mm)

230 180 190 200 210 220

Flipper Length (mm)

230

Compare the bagged tree with individual tree. Which method is more sensitive to
the random sampling?

average of 100 trees is less ‘jumpy' (reducing woise)
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(d) We evaluate how hyperparameter choices affect mean squared-error (MSE) for de-
cision trees and k-Nearest Neighbors in both training and validation settings. For
each k from 1 to 100, we run ten-fold cross-validation. The plot shows average
training and validation MSE across the folds. We modify the training data set to
include three features: flipper length (mm), bill length (mm), and bill depth (mm)
as inputs to the models. The goal remains to predict the body mass (g).

200000 |
~
<
V) 150000
=
©
| -
©100000
m 1
%’ i/ ---- DT Train MSE
50000 if — DT Val MSE
[ e N kNN Train MSE
ol u —— kNN Val MSE
0 20 40 60 80 100

k

How do the hyperparameters (largest leaf size and number of neighbors) affect
training and testing accuracy for each algorithm? Based on the plot, which value
of k would you recommend for decision trees and for k-Nearest Neighbors?

k t+oo big > 2averages wmany things (lavaer 1e2€ Size).

Ko k=101
both minim:zed
DT> k= 1
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3. Walk through each step of the k-means clustering algorithm, beginning with the initial-
ization shown in the plot in the top left of the box below. Dots show the observed data.
Assume that the number of clusters & = 2 for all of the following questions. In each plot
(go left to right, top to down), mark with two ‘x’ symbols where the cluster centers are
in that iteration of k-means. Once the k-means algorithm has converged, you can leave
all subsequent plots unmarked. k-weans (2 centroids)

(a) First, consider initializing two cluster centroids at (2.5,6) and (4,4).

8T 8T
7t 7t
61 61
5 | 5+ oxe® o o
4 1 4 + %
3 34 o o o o
2 T 2 4
17 1T
1 23 4 56 7 8 9 10 1 2 3 4 56 7 8 10
Initial state After iteration 1
8] 8] -Fikeo\l
7 1 [ 77T
61 61 [
5 1 [ ) ‘ o o 571 0\ /. o o
4 1 x i x 41 X ! X
3 1 o o o o 3T o' \o { o o
2 4 ( 2 4
| (
11 1T
1 23 4 5 6 7 8 9 10 1 23 456 7 8 10
After iteration 2 After iteration 3

QOUARE

. S s . .
(b) What is the numerical value of the k-means objective for the clustering found in

OIsT::

(a), after the algorithm has finished running?

('-I- (124 o.s’-)‘- 2

z lo
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(c) Just as in (a), walk through each step of the k-means algorithm, beginning with
the initialization shown in the plot in the top left, with the two cluster centroids at
(5,6) and (5,2).

K-MeaNS Acco:

. _eceassign Mm's 8T 8T
771 77T
2. re2sSsign p¥sS 4o m's 6+ X 6
5T o o o o 5 o o 2 3 o o
4 T 4
3+ o o o o 3 o o % o o
2 T X 2
17T 1
1 23 4 5 6 7 8 9 10 1 23 4 5 6 7 8 9 10
Initial state After iteration 1
8T 8T
7T 77T
6T 6T
5 L B ) b 3 o o 5T o o x o o
4 T 4 T
3+ o o X o o 3+ o o X o o
2 T 2 T
17T 17T
1 23 4 5 6 7 8 9 10 1 23 4 5 6 7 8 9 10
After iteration 2 After iteration 3

(d) What is the numerical value of the k-means objective for the clustering found in
(c), after the algorithm has finished running?

(3L+Z"+2.7'+ 32) 2 =52

e) According to the k-means objective of the learned clusters, which initialization was
A ding to the & bjecti f the 1 d clust hich initializati
better?

© Initialization (a) (O Initialization (c)
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